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Other participants: Dr Jeremy Phillips (School of Earth Science, University of Bristol) provided expert guidance
on debris flows and facilitated engagement with volcano observatories tasked with producing debris flow hazard
assessments.
Dr Pedro Alejandro Esṕın Bedón (Instituto Geof́ısico Escuela Politécnica Nacional, Quito, Ecuador) is a volca-
nologist with expertise in lahar hazards. IGEPN is the officially commissioned institute responsible for managing
volcanic hazards in Ecuador, including lahars and debris flows. Dr Esṕın provided expertise on debris flow hazards
at Tungurahua volcano, used in a case study of the methodology we have developed in this feasibility study.
Project background: Extreme rainfall has the potential to generate floods and debris flows, which pose major
hazards to populations and infrastructure, resulting in the loss of lives and livelihoods. We have witnessed de-
structive flooding within UK during December 2015, leading to substantial economic losses, however the relative
losses due to floods and debris flows within developing countries are much larger. Arguably less well-known, but
also of considerable destructive power, are lahars; these are volcanic debris flows, often formed by intense rainfall
onto loosely compacted volcanic deposits, and flow as concentrated mixtures of water and solids. Lahars have led
to catastrophic events, notably including the 1985 lahar at Nevado del Ruiz volcano, Colombia, which led to over
23,000 fatalities (Pierson et al. 1990; and see volcanoes.usgs.gov/hazards/lahar/ruiz.php). There is an evident
need to improve and refine our capabilities to assess the risk posed by these events and this is what we address
in this feasibility project. We have combined state-of-the-art modelling of the dynamics of the flowing material
with modern statistical techniques for assessing uncertainty to analyse potential floods, debris flows and lahars.
In particular, we have combined the Shuttle Radar Topography Mission (SRTM) 90m digital elevation database,
modern statistical methods for spatial analysis, and recent developments in shallow water modelling. Together the
deterministic and statistical modelling tools constitute a product for assessing flood and lahar risk at the village
scale, almost anywhere in the world.

Floods, debris flows and lahars are primarily driven by gravitational acceleration. Therefore the accuracy of
model prediction is closely tied to the accuracy with which the topography can be represented. In this study
we utilised the SRTM database with resolution at 90m (see www.cgiar-csi.org/data/srtm-90m-digital-elevation-
database-v4-1) and 30m (see https://lta.cr.usgs.gov/SRTM1Arc), as these are freely available and globally con-
nected, allowing incorporation into tools provided to institutions in developing countries; higher resolution data is
available in some areas and the methodology we have developed could be more widely applied. The elevation data
is not free from error, and a careful study has been carried out to summarize the error characteristics (Rodriguez
et al., 2006) allowing statistical modelling to be conducted.

Modern statistical methods allow us to treat the SRTM digital elevation map (DEM) as an imperfect observation
on the underlying true elevation, and in this way to generate a set of spatially coherent candidates for the true
elevation, representing DEM uncertainty. This can be an computationally intractable problem with a large spatial
field. However, computational advances have made methods for modelling large spatial fields as Gaussian Random
Fields (e.g. Wood & Chan 1994; Dietrich & Newsam 1997) feasible on the scales and resolution required for hazard
modelling. Furthermore, in the last decade there has been very considerable progress in modelling large spatial
fields using Gauss Markov Random Fields (e.g. Rue & Held, 2005), in which the neighbourhood structure of the
pixels is encoded as a graph, and sparsity of the precision matrix is used to reduce the computational cost. These
methods are close to the heuristic methods that hydrologists have been applying in order to generate a single
candidate, since they have the appearance of smoothing over a specified neighbourhood, such as, for example, one
that is elongated up-slope. However, the statistical frameworks provide information about the distribution of the
uncertainty as well as the ‘single candidate’ for the topography, which effectively emerges as the expectation. This
allows the uncertainty in the topographic data to be propagated through flow models.

For any given candidate topography, the flow can be simulated using a deterministic fluid dynamical model. The
length scales of floods and debris flows means that the shallow-water framework in two-dimensions is appropriate
for modelling the flow dynamics, using the candidate topography as a digital elevation map. The driving downslope
gravitational acceleration is then tied to the representation of the topography. The resistance to the motion is



primarily due to basal drag, which if the flowing material is predominantly water can be presented by Chèzy drag
parameterisation in analogy with hydraulic models. However for debris flows and lahars with high concentrations of
solids, the representation of this drag requires a different formulation. For example, an end member is to treat the
motion as a lubricated granular flow where a Coulomb basal drag might be a more appropriate model. Importantly,
flows are observed to transition between regimes during their propagation.

Particle transport by the flow can be of considerable importance. While for floods, it is likely that the overall
concentration of solids remains relatively low and so the presence of suspended solids does not feedback significantly
on the dynamics of the motion, it is nevertheless feasible that a flood event leads to substantial sediment transport.
For debris flows and lahars, the particle transport is dynamically important and ‘bulking up’ of the flow due to
mass entrainment from the bed can alter the resistive force generated by the motion. For example, particle erosion
can increase the solids fraction within the flowing material, thus fundamentally changing the nature of interactions
between particles, as well as increasing the driving force downslope.

For both dilute sediment transport by floods and mass erosion by debris flows, there is considerable uncertainty
in the choice of model for the erosion; in our model we employ formulations based on erosion driven by the basal
shear stress. Importantly, though, since this stress, and consequentially particle entrainment, relies on the downslope
driving force exceeding a non-vanishing threshold (such as the critical Shields parameter for erosion, or the frictional
Coulomb angle), it is crucial that the slope is accurately determined and that potential errors and uncertainty in
its measurements are known as accurately as possible.

The SRTM is the primary source of local elevation information in many remote regions. But the 90m resolution
of the SRTM is low on the scale of a channel, and therefore we contend that elevation uncertainty is the dominant
source of uncertainty, notwithstanding the challenges of modelling the flow. However, the uncertainty in DEMs is
rarely incorporated into hazard assessments even when uncertainty in source conditions is examined. By forcing
the flow model with appropriately-selected candidates for the elevation, we can provide a hazard distribution, such
as the inundation depth, at a location such as a village, which can in turn be mapped into a loss distribution and a
risk assessment. Among other uses, such a tool can be deployed as a tier one assessment for risk, ahead of decisions
about where to collect more detailed elevation information.
Project objectives:

1. To develop a modelling framework to analyse the uncertainty in predictions of inundation due to floods, debris
flows and lahars associated with the uncertainty in topographic data.

1.1. Formulate and implement numerically shallow water models for floods and debris flows, including mass
erosion

1.2. Develop the uncertainty analysis of topographic data from STRM

2. To assess the feasibility of implementing this framework in terms of computational cost and complexity for
detailed case studies of a flood and a lahar, as a template for wider applications. To demonstrate the framework
for assessing risk by using the flow model with the statistical uncertainty in the topographic data.

Key project outcomes:
1.1 Mathematical model.

We have developed a novel phenomenological model of a two-phase flow with a widely varying solids concentra-
tion. Our model is based on a shallow-water description with a basal frictional resistance whose form depends on
the concentration of solids in the flow. In particular, we take the component of the basal shear stress τxz to be of
the form

τxz/ρ =
[
CD |ū|2 (1− f(c)) + µghf(c)

]
. (ū/ |ū|) , (1)

and similarly for τyz/ρ, where ū = (ū, v̄) is the depth averaged velocity, h is the flow depth, c is the volume
concentration of solids, ρ is the bulk density of the mixture. The switching function f(c) controls the transition
from a fluid-like drag when f(c) = 0 to a granular (Coulomb) drag formulation when f(c) = 1. We have found that
a switching function of the form

f(c) = 1
2 [1 + tanh (α(c− c0))] (2)

is a suitable and simple model, introducing two parameters that characterise the transition from fluid-like to granular
drag: the rapidity of the transition (α) and the concentration on which the transition is centred (c0).

Erosion and deposition are known to play a dominant role in debris flow dynamics. While it is expected that the
evolution of pore pressure in the sediment controls entrainment, models that adopt this description are extremely
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Figure 1: An example of a lahar flow simulation for Cayambe volcano, Ecuador. Panels show the flow depth (upper
left), flow speed (upper right), solids concentration (lower left) and change in elevation due to erosion and deposition
(lower right). We gain efficiency in our numerical scheme by splitting the flow domain into smaller tiles on which
the governing partial differential equations are discretized. Lahars on Cayambe volcano could result from melting
of the submit glacier due an explosive eruption which could rapidly produce a large volume of melt water.

sensitive to antecedent conditions that are very difficult to measure on large catchments. Hydraulic models of fluvial
dynamics often adopt an erosion parameterisation based on the Shields number θ defined as

θ =
τ

(ρs − ρf ) gd
, (3)

where τ is the magnitude of the basal shear stress, ρs and ρf are the solid and fluid density, respectively, and d is
a representative particle size. Erosion occurs if θ exceeds a critical shields stress, θ > θc. There have been several
proposed parameterisations of the erosion rate, each with a similar form. We find that a suitable model is

E = m (θ − θc)3/2 , (4)

with the dimensional coefficient m is calibrated from measurements. Deposition is modelled as by adopting a
hindered settling depositional flux, D.

Erosion and deposition alter the underlying topography. For large debris flows, the change in topography is
pronounced and has a substantial influence on the flow dynamics. We model the morphodynamic link between the
flow and the topography by adopting a Exner equation, where the time evolution of the bed elevation, z = b(x, y, t)
is given by

∂b

∂t
= −E −D

1− φ , (5)
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Figure 2: Correlation functions for the SRTM topographic data in four regions where highly accurate observations
are available.

where φ is the volume fraction of solids in the bed.
Our model results in a system of hyperbolic partial differential equations with stiff source terms that emerge

from the basal resistance terms in the equations for the conservation of momentum. We adopt a modern, efficient
and accurate finite volume scheme to compute numerically solutions of the system of equations (Chertock et al.
2015a,b).

The mathematical model that we have developed is well suited to modelling both floods and debris flows; by
controlling the parameters in the basal stress model (equation 1) we can model regimes spanning turbulent fluid
flows (for floods) to dense granular flows (for hyperconcentrated debris flows).

1.2 Statistical framework for topographic uncertainty.
The digital topographic model provided by the SRTM is an imprecise observation. Bayesian statistics provide a

framework for understanding and quantifying the uncertainty in these observations, and within this framework there
are there are two statistical objects for a region of interest: (i) a prior probability distribution over elevations, and
(ii) a measurement error process for the SRTM that incorporates artefacts that are introduced by the post-processing
of the raw measurements. A full Bayesian analysis requires the specification of the prior probability distribution
which is very challenging to construct. However, Rougier & Zammit-Mangion (2016) provide a theorem that allows
substantial simplification: if the prior uncertainty about the elevations is much larger than measurement uncertainty
(which is typically the case, unless we have strong beliefs about the topography in the region of interest), then the
conditional distribution of the elevations given the measurements is

elevations | measurements ≈ measurements ± measurement errors.

Thus, as a first approximation, we can characterise the uncertainty in the topographic elevations entirely through
the error in the observations.

The error characteristics of the SRTM data are known in only some regions where SRTM observations have been
compared to accurate GPS derived elevations (Rodriguez, Morris & Belz, 2006). The reported errors are used to
construct a model for the spatial error in the SRTM elevations (denoted by h′). We assume that the error process
in the SRTM data can be modelled as an intrinsic stationary and isotropic process, so that, for two points x and
x + ∆, we have

E (h′ (x)− h′ (x + ∆)) = 0, (6)

V (h′ (x)− h′ (x + ∆)) = 2γ(d) = 2 (C(0)− C(d)) , (7)

where d = ||∆||, γ is the semivariogram, and C is the covariance function for h′. The covariance function C is
modelled using data reported in Rodriguez, Morris & Belz (2006) and we find that a function of the form

C(d) = σ2
01 (d = 0) + σ2

1 exp (−3d/300) + σ2
2 exp (−3d/3000) (8)

is appropriate, where σ2
i , i = 0, 1, 2, are obtained by least squares regression and d is measured in metres.

Equipped with the correlation function for the SRTM data, we can model the spatial error in the SRTM data.
We suppose our region of interest corresponds to a lattice of size p× q, with an elevation at each lattice point. We
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Figure 3: Lahar flow simulations on a sample of 12 candidate DEMs constructed from 30m SRTM data. Each colour
shows the lahar extent for each simulation and each panel shows the extent after a given period from release. The
topography shown in the panels is the SRTM data, with each simulation adding a spatial error field to this. The
solid blue line illustrates the route of the R30 road, with points denoting the low bridge (to the east) and buildings
(to the west).

model the error in the SRTM data as a zero mean stationary Gaussian Random Field,

h′ = (h′(x11), . . . , h′(xp1), . . . , h′(xpq))
T ∼ N (0,Σ)

where Σ is the symmetric covariance matrix which has n = (pq)2 entries. The matrix operations required to sample
from the multivariate Gaussian distribution are O(n3). For typical regions of interest for the flow modelling n is
large. For example, for a 30km × 30km region n = 106. Drawing samples directly from the elevation error from
equation can then be prohibitively expensive.

Significant computational saving can be obtained by wrapping the 2d lattice into a torus (i.e. by invoking
periodicity in both dimensions). The covariance matrix can then be written as a block Circulant matrix with
Circulant blocks (Wood & Chan, 1994; Dietrich & Newsam, 1997), a class of matrices that have a decomposition
involving the discrete Fourier matrix. This allows the required matrix calculations to be computed in O(n log n)
operations using the Fast Fourier Transform.

Mapping the lattice to the torus artificially creates a doubly periodic domain, so we introduce edge effects.
However, as the correlation length of the SRTM error is 3 km, we can extend our lattice by 3 km (i.e. 100 lattice
points for the 30 m SRTM data) and thus avoid the edge effects in the region of interest. The Fast Fourier Transform
offers such a great saving that we can easily calculate on a much larger lattice than needed for the flow modelling
without facing an excessive computational burden.

Using these techniques, we can draw samples of the elevation error that are added to the SRTM elevations.
The topography used in the flow model is then interpolated from the candidate DEMs. The sampling routines are
efficient and candidate topography for large areas can be sampled; we have drawn samples for full SRTM tiles that
cover 1◦ × 1◦ (approximately 100 km× 100 km).
2 Topographic uncertainty in lahar hazard assessments.

We demonstrate our framework through application to a small volume lahar on Tungurahua volcano, Ecuador.
We generate a sample of candidate digital topographic maps from SRTM data and perform a flow simulation on
each, with identical initial and boundary conditions. Thus, the only variation arises due to uncertainty in the
topographic map.

Small volume lahars at Tungurahua present three major hazards: (i) a major road, R30, that passes along the
northern flank of the volcano, (ii) a low bridge on the R30 that crosses a shallow drainage channel, (iii) a building
development beside the R30. Hazard assessments informed by flow models than do not account for topographic
uncertainty might not appropriate identify the risk at some locations.

Figure 3 shows flow simulations at Tungurahua on 12 candidate topographic maps. These simulations demon-
strate a bifurcation of some of the flows as these propagate down the volcanic flank, with some flows routed towards
the low bridge to the east. The road near to the buildings to the west appears to have an increased exposure to the
lahar hazard, while the lahars threaten the buildings.

These observations can be made more precise by constructing a probabilistic routing map from the samples.
Figure 4 shows the probabilistic lahar routing map constructed from a sample of 24 simulations.
Potential for initiating or developing future multidisciplinary collaborations: During this feasibility
study, we have had discussions with JBA about our new statistical methods. This has focused some of the ongoing
research questions and we plan to progress our collaboration with JBA through conducting a case study of the
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Figure 4: Probabilistic lahar routing map for Tungurahua volcano, Ecuador

application of the methodology to flood modelling using JBA’s modelling framework. We will seek funding through
the EPSRC Impact Acceleration Account to support this knowledge exchange.

Quantification of the errors in SRTM topographic data plays a vital role in our modelling framework and the
reported covariance functions of the errors are largely drawn from arid regions. To investigate its more general
dependence, Rougier, together with postgraduate student Neal (Bristol), have commenced a detailed assessment of
SRTM error on river deltas, where for some deltas there is high resolution LIDAR data to use as ‘ground truth’.

While uncertainty quantification is well understood by flood hazard practitioners (even though topographic
uncertainty is often neglected), there is much less appreciation and application of uncertainty analyses in volcanic
hazard assessments. This feasibility study has highlighted the opportunity to include topographic uncertainty as a
major, and possibly dominant, aspect of the uncertainty in volcanic flow models, and that including topographic
uncertainty need not be more challenging than sampling over imprecise parameters and unknown source conditions
as is current operational practice. We will continue to work with collaborators at the Instituto Geof́ısico Escuela
Politécnica Nacional (IGEPN), Quito, Ecuador on their volcanic hazards; our flow model is used by IGEPN and
has contributed to hazard assessments that have recently been performed.

The adoption of the topographic uncertainty techniques would be greatly aided through the provision of tools to
perform the calculations. Woodhouse is intending to submit a proposal to the NERC Knowledge Exchange scheme
which could provide funds for the development of the topographic sampling tools for SRTM data.
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