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Project background: The importance of pollution in cities has driven a large research effort on urban dispersion.
The challenges faced by urban-dispersion modellers are many: the difficulties associated with dispersion over flat
terrain, such as a reliable representation of boundary-layer turbulence, are compounded by the complexity of the
built environment, with the introduction of geometric constraints over scales ranging from the building size to
the city size [1]. The multiscale nature of the problem is reflected in the variety of approaches that are currently
employed. These include: laboratory experiments and numerical simulations of flow around single obstacles or
arrays of obstacles; idealised modelling of dispersion on network; numerical models of entire cities, resolving blocks
or even buildings; and assimilation of concentration data [e.g., 2, and references therein].

Because each of these approaches focuses on a relatively narrow range of scales, one of the major challenges is
the interfacing of models of different scales. This is where multiscale mathematics and specifically the methods of
averaging, homogenisation and large deviations can play a decisive role. The aim of this project was to demonstrate
their value by extending recent results obtained by Tzella and Vanneste [3] in the idealised context of rectangular
street networks to the geometries of real cities. This considers the advection–diffusion of a scalar released in a
Manhattan-style grid of (one-dimensional) streets and shows that the concentration can be represented at scales
larger than the block scale by a continuous approximation of the form C ∝ exp(−tg(x/t)), where x = (x−Ut, y−V t)
and (U, V ) is the (uniform) velocity in North-South and East-West streets. Here, g is a rate function that can be
obtained explicitly in terms of the turbulent diffusivity, wind velocity and network geometry. See Figure 1 for some
results. In the core of the scalar distribution, this approximation can be further simplified into the Gaussian profile
C ∝ exp(−x ·K−1 · x/(4t)), where the effective diffusivity tensor K is given in closed form. In this approximation
– recognised as the result of the mathematical technique of homogenisation – the heterogeneous urban network is
described asymptotically as an homogeneous, diffusive medium. This approximation is also relevant to continuously
forced scalars, and it can be extended to more complicated network geometries, including to random networks [4].

Numerical simulations indicate that the approximations are accurate as soon as the scalar has dispersed over
the area of a few blocks, making it relevant to even moderately large gridded cities. The model is highly idealised,
of course: streets canyons are assumed deep enough that detrainment/entrainment can be neglected; the streets are
assumed to be narrow enough that they can be modelled as one-dimensional; the effect of turbulence is represented
crudely by a turbulent diffusivity, etc. Nonetheless the model sheds light on the complex interplay between advec-
tion, diffusion and the geometric constraints that is key to urban dispersion. More importantly, it demonstrates the
potential of systematic multiscale methods for upscaling dispersion and thus extracting the coarse-grained impact
of processes at the building scale.

Project objectives: The project built on the results just described. Its main aim was to advance the application of
homogenisation and large-deviation methods towards realism, mainly by accounting for the irregular street networks
of real cities and for entrainment/detrainment effects.
It had two specific objectives:

1. To develop a new numerical model of dispersion in arbitrary networks of one-dimensional streets.
This models extracts street and connectivity data for any city from OpenStreetMap using an available Matlab
interface. Its model results enable a comparison of the predictions of homogenisation in periodic or random
networks with direct simulations.

2. To develop new models of entrainment/detrainment. Two possibilities were be explored: (i) a simple
extension of one-dimensional models that allows scalar to hop between adjacent streets; and (ii) a two-layer
model which overlays the network of streets with a continuous homogeneous fluid to describe the scalar
dynamics above the urban canopy.

Key project outcomes: The outcomes of the project match the two objectives above.
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Figure 1: Log-concentration of a passive scalar released in a rectangular network without wind (left panels) and with
wind U = V = 1 (right panels) at times t = 1 (top) and 5 (bottom). Velocities and time are non-dimensionalised
using the corresponding diffusive scales κ/` and `2/κ where κ is the diffusivity and ` is the block length. Results
of a Monte Carlo simulations, plotted in the streets, are compared with the large-deviation predictions, plotted
outside the streets.

1. Numerical model of dispersion. A matlab code was written by the PDRA employed for the project, Eric
Danioux. The code uses simple finite difference Crank–Nicholson discretisation to solve the advection–diffusion
equation in an arbitrary network. Data for specific cities is extracted from OpenStreetMap. Unfortunately,
this does not contain information about the street widths which, for simplicity, are taken constant. A problem
solved in the course of the project is that of the determination of a plausible velocity field within the network
given a constant wind U above. We have to chosen to fix the velocity Ui in each street i by solving the
minimisation problem

inf
Ui

∑
i

(Ui −U · ei)2 subject to
∑
i→j

Ui = 0 for all nodes j,

where ei denotes the unit vector along street i and i → j denotes the streets incident to node j. The values
of Ui in streets ending at domain boundary are fixed.

The model has been tested on several city networks. The main scientific issue addressed so far is the influence
of network irregularities on scalar transport. A city like Manhattan has a plan that is close to rectangular,
but with many defects (e.g., the diagonal Broadway). The practical applicability of homogenisation and large-
deviation theory depends on this defects having a minor effect on transport. This has been largely confirmed,
as illustrated in Figure 2 which compares simulations carried out with the real Manhattan network (modulo
fixed street widths) with simulations carried out with a perfect rectangular network.

2. Model of entrainment/detrainment. Two models were suggested. The first, which adds the possibility of
hopping between adjacent streets, is essentially trivial. It is easy to see that in the long time limit, it amounts
to an additional diffusive term in the direction perpendicular to the streets that can easily be incorporated in
a large-deviation treatment

A second, more interesting model, has been derived. This uses a two-layer formulation to represent the
interactions between street-level and above-canopy flow. Its main features are: a one-dimensional urban
network in the lower layer (avenues x = xa, a = 1, 2, · · · ; streets y = ys, s = 1, 2, · · · ); a two-dimensional
continuum model in the upper layer; and a linear coupling between layers. Denoting the concentrations in
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Figure 2: Log-concentration of a passive scalar released in Manhattan: predictions for the real city network (top)
are compared with those obtained for a rectangular network.

the lower layer by Ca(y, t), Cs(x, t) and in the upper layer by Cu(x, y, t), the governing equations are

∂tCa + V ∂yCa =κ∂yyCa + γ(Cu(xa, y, t)− Ca(y, t)),

∂tCs + U∂xCs =κ∂xxCs + γ(Cu(x, ys, t)− Cs(y, t)),

∂tCu + U∂xCu + V ∂yCu =κu∇2Cu

+γ
∑
a

∆a(Ca − Cu)δ(x− xa) + γ
∑
s

∆s(Cs − Cu)δ(y − ys),

where κ and κu are the diffusivities in the lower and upper layers, and the parameter γ governing the inter-
layer exchanges. In the long-time limit, the model can be homogenised, leading to continuous equations
for the coarse-grained lower-layer concentration Cl(x, y, t), with Ca = Cl(xa, y, t) and Cs = Cl(x, ys, t), and
Cu(x, y, t). These equations read

∂tCl +
U

2
∂xCl +

V

2
∂yCl =∇ · (K · ∇Cl) + γ(Cu − Cl),

∂tCu + U∂xCu + V ∂yCu =κu∇2Cu

+γ
∆a

Ls
(Cl − Cu) + γ

∆s

La
(Cl − Cu),

where Ls, La and ∆s, ∆a denote the distances between streets and avenues and their widths. The effective
diffusivity tensor K is that obtained by Tzella and Vanneste [3]. The model conserves the total mass of the
scalar, ∫∫

Cu(x, y, t) dxdy +

(
∆a

Ls
+

∆s

La

)∫∫
Cl(x, y, t) dxdy = const.

An interesting feature of the model is the different advection velocities in upper and lower layers. The model
can be solved efficiently, e.g. using a spectral method, and its predictions in a set of scenarios will be studied
in the near future.

Potential for initiating or developing future multidisciplinary collaborations: The project was consol-
idated by the award of a Royal Society Kan Ton Po Fellowship to Vanneste. This funded a collaboration visit
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of Keith Ngan at the School of Energy and Environment of the City University of Hong Kong (a return visit of
Edinburgh is taking place in December 2016). This collaboration aims to develop further the simplified models and
address engineering questions.

The paper [3] by Tzella and Vanneste was picked up by the American Physical Society’s popularisation website
‘Physics Buzz’, which devoted a blog entry to it (‘How pollutants navigate Manhattan streets?’). This suggests
that the topic of the project has a strong potential for outreach; the code developed could be transformed into an
interactive tool to be used for activities with the general public.
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