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1 Introduction
Due to harmful effects of air pollution on human health and the environment, air quality is a
matter of worldwide concern amongst scientists, policy makers and public alike. The UK Na-
tional Air Quality Strategy has determined statutory standards expressed in terms of threshold
violations for eight main air pollutants, including nitrogen dioxide (NO2), nitrogen monoxide
(NO) and carbon monoxide (CO). In order to monitor and assessthe efficacy of past and fu-
ture policies, it is important to develop adequate statistical methods to measure the impact of
regulations on the dynamics of various pollutants.

To date, a number of statistical methods have been developedto model violations of the air
quality standards. The most common approach is based on extreme value theory. An alternative
method is to model threshold exceedances using non-homogeneous Poisson processes (Smith
and Shively, 1995; Achcaret al., 2010). This approach is motivated by the asymptotic theoryof
stationary point processes stating that the series of occurrences of high threshold exceedances
can be approximated by a Poisson process. For nonstationarydata, the approximating Poisson
process has to be nonhomogeneous, with the intensity rate depending on time.

Estimation of the unknown rate function is facilitated by choosing certain parametric classes
(see Achcaret al., 2010, and references therein). However, such models are not suitable if the
rate may change abruptly (e.g., following an updated air quality action plan). To capture this
type of variation in the exceedance dynamics, Achcaret al. (2010) built a non-homogeneous
Poisson model allowing one to handle up to three change-points using complicated iterative
updates of the prior information.

In the present paper, we propose a non-homogeneous Poisson model assuming for simplicity
that the rate is a step function but with no prior restrictionon the number of change-points.
An efficient reversible jump Markov chain Monte Carlo (MCMC)estimator is employed to
automatically determine the number and locations of change-points, as well as the step heights
of the rate function. These techniques are applied to NO2, NO and CO data collected in the
Leeds city centre as daily concentration maxima in 1993–2009.

2 Model preprocessing

2.1 Thresholding

To set a specific threshold in order to extract the statisticsof exceedances, it might seem natural
to use the air quality standards; however, this produces rather scarce statistics of the resulting
exceedances (e.g., 0.11% for NO2). Instead, a quantile thresholding has been applied at the 90th
empirical percentile, leading to the specific threshold values of 96µg/m3 (NO2), 185µg/m3

(NO) and 2.1mg/m3 (CO). Cumulative counts of the resulting exceedance data for all three
pollutants are shown in Fig. 1.
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2.2 Missing values

Our concentration level data contain a noticeable proportion of missing values (6.6%, 5.5%
and 9.9% in the NO2, NO and CO data, respectively), which considerably decreases the ex-
ceedance statistics available and therefore may adverselyaffect the estimation of the unknown
rate function. One can improve estimation by compensating for the omissions. In this work, we
employed a two-sided moving average estimator with the window size±65 days. We first im-
puted raw concentration values drawn independently according to their estimated (univariate)
distribution, and then applied thresholding.

2.3 Deseasonalisation

Varying meteorological conditions lead to yearly oscillations (seasonality) in the concentration
data (e.g., due to photochemical reactions between NO2 and NO driven by the solar radiation).
Yearly cycles were confirmed by computing the autocorrelation at lag 365 days and analysing
the estimated spectral density. Deseasonalisation may be based on fitting a regression model for
the log-transformed data (Cox and Lewis, 1966). Note that possible deviations from stationarity
are likely to occur on a scale much slower than the annual variability, hence the regression
estimation may be expected to give satisfactory results; indeed, the deseasonalised data had no
visible periodic patterns.

2.4 Declusterisation

The time series of threshold exceedances by air pollution concentrations is likely to involve
dependence manifested in clustering of consecutive exceedances, which may render Poisson
model unsuitable. However, due to a relatively short range of such correlations, the dependence
problem can be rectified by a suitable thinning, or “declusterisation”, achieved by retaining
one point from each cluster. We deployed the nonparametric Wald–Wolfowitz runs test of
independence applied to a two-valued data sequence representing threshold exceedances versus
non-exceedances. The runs test accepted independence on all intervals between the estimated
change-points, with the correspondingp-values above0.10.

3 Results for the air pollution data
Estimation of the rate functionλ(t) was carried out using a reversible jump MCMC algorithm
adapted from Green (1995). As a result of the MCMC performance, it was concluded that the
MCMC sampler spent most of its time in parametric states corresponding to one, two and four
change-points for NO2, NO and CO, respectively. Their locations and the step heights of the rate
functionλ(t) were estimated via the modes and medians, respectively, of the posterior marginal
densities. The graph of the step functionλ̂(t) (with estimated change-points and step heights)
is shown in Fig. 1, along with an “integral” estimateλ̄(t) of the posterior mean rate (calculated
by averaging 5000 sample step rate functions drawn from the posterior distribution). Transition
areas for̄λ(t) near the change-points are typically quite narrow, confirming a stepwise nature of
the rate functionλ(t). Fig. 1 also shows the cumulative graphs simulated via Poisson processes
with ratesλ̂(t) andλ̄(t), contrasted with the observed cumulative plot. As could be anticipated,
the integrated (cumulative) estimates demonstrate a much better fit to the data.

To validate the employed MCMC sampler, we simulated data sets from non-homogeneous
Poisson processes with the estimated step functionλ̄(t) as a rate function and again applied
MCMC to see if there were any significant differences in the estimates. The results (not shown
here) demonstrated an excellent match of the posterior estimates for the simulated data sets with
those obtained earlier for the observed data. Furthermore,following the method of posterior
predictive simulation (Gilkset al., 1996), we replicated the counting processes and compared
them to the corresponding cumulative plots (not shown). Dueto random fluctuations, devia-
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Figure 1: MCMC results for each pollutant: estimated rate functions (left axes) and the corresponding
cumulative plots for data sets simulated via non-homogeneous Poisson process (right axes). Colour-
coded plots correspond to the posterior mean rateλ̄(t) (red) and a step ratêλ(t) function estimated from
the posterior distribution (blue). Black dotted graphs show the cumulative plots of observed threshold
exceedances. Dashed vertical lines indicate the locationsof estimated change-points.

tions of the replicated cumulative plots increase over time. The accuracy can be improved by
simulating Poisson processes conditioned to have the same number of occurrences as in the
real data. Conditional replicates (not presented here) showed an excellent fit with the observed
plot, being also consistent with the sample mean plot for data sets simulated with a posterior
estimate.

4 Conclusion
In this paper, we have fitted a non-homogeneous Poisson modelto the observed series of thresh-
old exceedance occurrences in time, extracted from the daily pollution concentration data. The
unknown rate function was assumed to be a step function, withan arbitrary number of possible
change-points. Statistical estimation was carried out using a reversible jump MCMC algorithm
adapted from Green (1995). Our results have demonstrated the computational and statistical ef-
ficiency of this method. The application of non-homogeneousPoisson processes with multiple
change-points may provide a suitable modelling framework in the air quality management. In
particular, these methods may be instrumental in assessingthe impact of environmental actions
on the dynamical patterns of potentially hazardous pollutants.
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