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1 Introduction
Current research in molecular biology and medicine typically produces a large amount of data
from rather small studies, many of them addressing similar questions. As a direct result, there
is a strong demand for methods that combine or integrate diverse findings. Public data reposi-
tories make such information easily accessible. The central problem is the need for data to be
combined, that differ in important aspects such as source (e.g. platform in a microarray exper-
iment), quantification (e.g. of gene expression), scale, and study size. Moreover, often only
subsets of unknown size of these data are relevant for the purpose of integration. Most recently,
rank-based methods have emerged as useful tools for combining such information.

In this presentation, we describe a new approach to deal withtwo or more rankings of the
same set of objects (e.g. genes) that combines the estimation of the lengths of highly con-
forming sublists with their stochastic aggregation. The goal is to obtain a much smaller set of
informative common objects in a new rank order. The input lists can be of large or huge size,
with irregular or incomplete rankings due to random and missing assignments. A moderate
deviation-based inference procedure and a cross-entropy Monte Carlo technique are used to
handle the combinatorial complexity of the task. Two alternative distance measures are mod-
ified to accommodate truncated list information. Finally, we illustrate the outlined approach,
applying it on multiple microarray data. It is implemented in theR packageTopKLists.

2 Assumptions
Let us haveℓ input lists representing rank positions of the same set ofN objects. The rank
assignment mechanisms operate independently of each other(for each list). The ranking of
objects is from 1 toN , for highest to lowest without ties, but missing assignments are allowed.

We assume a discrete spaceO that contains allN objects, denoted byoi, i = 1, . . . , N .
Since all objectso can be associated with a unique labeli = 1, . . . , N , O can be viewed without
loss of generality as a listO = {1, 2, . . . , N}. Let us denote the rank of elementoi in O by
R(i) under a particular assignment. Then a permutation ofO, τ(O) = {1, 2, . . . , N}, such that
R(i) ≤ R(j) for anyi < j is a complete ranking of the items inO. We refer toτ(O) as a full
ranked list, and toRτ (i) as the rank of objectoi under the assignment mechanismτ .

In genomic data integration, a full ranked list is neither desirable nor available. Instead, one
is only interested in a partial list (sub-space)O′ ⊂ O of lengthk. Without loss of generality, we
assume that the partial ranked listτ(O′) = {o′1, o

′

2, · · · , o′k} is ordered according to their ranks
such thatR(o′i) < R(o′j) for i < j. It is implicitly assumed that all the items that are inO but
not inO′ are ranked lower thank (i.e. have indicesk + 1, k + 2, . . . , N).

3 Moderate deviation-based top-k list estimation
In Hall and Schimek (2010) a nonparametric inference methodfor the truncation of paired
ranked lists was developed. The associated iterative algorithm allows estimating the length,k,
of a top-k list in the presence of irregular and missing assignments. Overlap of rank positions
in two input lists is represented by a sequence of indicators, whereIj = 1 if the ranking,
given by the second assessor to the object rankedj by the first assessor, is not more thanδ
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index positions distant fromj, and otherwiseIj = 0. The variablesIj are assumed to follow
a Bernoulli random distribution. This implies independence, which is motivated byk ≪ N
and a strong random contribution due to irregular assignments in real data. However, the above
mentioned authors could prove that their theoretical results obtained under the assumption of
complete independence also apply to the situation ofm-dependence.

For the Bernoulli random variablesI1, . . . , IN , it is assumed thatpj ≥ 1

2
for eachj <

j0, andpj = 1

2
for j ≥ j0, and in addition, a “general decrease” ofpj for increasingj that

need not be monotone. The indexj0 is the rank position where the consensus information
of the two lists, representing the same set of objects, degenerates into noise (degradation of
information). The estimation of̂j0−1 = k̂ is achieved via a moderate deviation-based approach.
In theoretical analysis of the probability that an estimator, computed from a pilot sample size
ν, exceeds a valuez, the deviation abovez is said to be a moderate deviation if its associated
probability is polynomially small as a function ofν, and to be a large deviation if the probability
is exponentially small inν. In regular cases, the values ofz = zν that are associated with
moderate deviations are

zν ≡
(

C ν−1 log ν
)1/2

,

whereC > 1

4
. The null hypothesisH0 thatpk = 1

2
for ν consecutive values ofk, versus the

alternativeH1 thatpk > 1

2
for at least one of the values ofk, is rejected if and only if̂p±j −

1

2
> zν .

The quantitieŝp+
j andp̂−j represent estimates ofpj computed from theν data pairsIm for which

m lies immediately to the right ofj, or immediately to the left ofj, respectively. UnderH0, the
variance of̂p±j equals(4ν)−1, hence we can evaluate the above inference procedure in practice.
However, apart from the pilot sample sizeν and the constantC, inference results also depend
on the distanceδ.

4 Stochastic rank aggregation of multiple lists
We cannot aggregate rank positions in a stochastic manner without an optimization criterion
which itself is specific to the choice of a distance measure. Measures conforming with the
so-called generalized Kemeny guidelines are most appropriate for this task. The well-known
Kendall’sτ distance is one of them.

Let us have rankingsτ1, τ2, . . . , τℓ (these are usually from truncated lists) as input. Let
O′ =

⋃ℓ
l=1

O′

l andτ be the consensus ranking with respect toO′, assuming that the list lengths
kl’s are fixed. Then our goal is to find an estimate ofτ (i.e. an ordered subset ofO′) that
minimizes the sum of weighted distances betweenτ and each of the listsτl. We seekτ ∗ such
that

τ ∗ = arg min
τ

{

ℓ
∑

l=1

wld(τ, τl), τ ⊂ O′

}

, (1)

wherew = (w1, w2, w3 . . . , wℓ) is a weight vector that can be used to specify prior information
on the relative importance of the input lists, andd is a distance measure. Note, the ranked lists
can be of different lengths and from different spaces.

Whenwl = 1/ℓ for all l andd(τ, τl) = K(τ, τl), denoting Kendall’sτ distance, the esti-
mateτ ∗ in equation (1) reduces to the Kemeny optimal aggregation (Schimek, Lin and Wang,
(2012)). The actual computation of the optimal aggregationof full lists of sizeN , or even par-
tial lists whenk is large, constitutes a severe combinatorial problem. To overcome this obstacle,
Markov chain (MC) approaches have been devised (see e.g. Deconde et al., (2006)). Consensus
rankings (majority preferences) between pairs of items across lists are formed. The assumption
that assessors continuously compare pairs of alternativesduring their decision process leads nat-
urally to a MC representation. A decision matrix characterizes the potential transitions between
alternative decisions. The limiting equilibrium distribution represents the global assessment of
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all objects. An advantage of MC approaches is that they do notrequire all lists to comprise the
same objects. A drawback is the associated computational effort.

A more recent approach to solve (1) is cross-entropy Monte Carlo (CEMC) introduced by
Rubinstein (1997) for estimating probabilities of rare events in complex stochastic networks
and then followed up with complicated combinatorial optimization problems. Lin and Ding
(2009) could extend the CEMC approach by the introduction ofan Order Explicit Algorithm
(OEA). The orders of the objects in the optimal list are explicitly given in the probability matrix
v. Taking advantage of this fact, Lin and Ding’s algorithm is much faster, thus permitting for
those list lengths that are required for the integration of genomic data.

Let us assume a random matrixX = (Xjr)N×k with each component variableX taking the
values 0 or 1, and with the constraints of its columns summingup to 1 and its rows summing up
to at most 1. This implies that each realization ofX, x, uniquely determines an ordered list of
lengthk by the position of 1’s in each column from left to right. The lengthk of the aggregated
top-k list can be any number not exceeding the size of the union of the full lists, but usually much
smaller thanN . Let v = (pjr)N×k denote the corresponding probability matrix (each column
sums to 1). For each column variable,Xr = (X1r, X2r, . . . , XNr), a multinomial distribution
with sample size 1 and probability vectorvr = (p1r, p2r, . . . , pNr) under the constraints of the
joint column variables is assumed.

Any realizationx of X uniquely determines the corresponding top-k candidate list without
reference to the probability matrixv. That is,A = f(x) = (xjr|xjr = 1, j = 1, 2, . . . , N, r =
1, 2, . . . , k). The 1’s in each of thek columns make up the top-k list, in that order. Given the
1-to-1-correspondence betweenA andx, findingA∗ is equivalent to findingx∗ that minimizes
Φ{f(x)}.

Using CEMC,x∗ can be obtained by iteratively updating the parameter matrix v such that,
iteration by iteration,Pv(x) will place more and more of its probability mass on thex’s that
are in the “neighbourhood” ofx∗. Loosely speaking,x is called a neighbour ofx∗ if the corre-
sponding value of the objective function,y = Φ{f(x; v)}, is close to the minimumy∗. Let v
be the current estimate of the parameter matrix. The next parameter updatev′ is chosen to min-
imize the cross entropyCE(Q∗, Pv

′) between the distributionsPv
′ = Pv

′(x) andQ∗, where
Q∗ (see below) is the ideal but unobtainable importance sampling distribution for estimating the
rare probabilityb = Pv[Φ{f(x; v)} ≤ y],

Q∗(x) =
I[Φ{f(x; v)} ≤ y]Pv(x)

b
.

Minimizing CE(Q∗, Pv
′) is equivalent to maximizing

∑

x

{I[Φ{f(x; v)} ≤ y] logPv
′(x)}Pv(x) = Ev [I[Φ{f(x; v)} ≤ y] log Pv

′(x)] ,

which is now free from the probabilityb to be estimated.
Supposexi = (xijr)N×k, i = 1, 2, . . . , m, is a sample drawn fromPv(x) with the current

parameter specificationv and the corresponding candidate top-k lists denoted asτi = f(xi), i =
1, 2, . . . , m. Then

vnew = arg max
v

′

{

1

m

m
∑

i=1

I[Φ{f(xt; v)} ≤ y] log Pv
′(xt)

}

(2)

=

[∑m
i=1

I{Φ(τi) ≤ y}xijr
∑m

i=1
I{Φ(τi) ≤ y}

]

j=1,...,N ;r=1,...,k,

(3)

can be used in the update for the next parameter matrixv
′. In addition, the threshold valuey can

also be updated iteratively. Equation (2) respectively (3)lead to the construction of a sequence,
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y0, y1, . . ., which converges to a valuey∞ close toy∗ (Margolin, (2005)). Similarly,v0, v1, . . . ,
converges tov∞, with the correspondingPv∞

(x) placing most of its probability mass on the
x’s that satisfyΦ{f(x; v)} ≤ y∞ (Lin and Ding, (2009)).

5 An application
A topic of current interest in molecular science is the integration of results obtained from nu-
merous microarray experiments. Real-time quantitative reverse transcription polymerase chain
reaction (RT-qPCR) is a widely used laboratory technology for the precise analysis of gene
expression. Normalization of gene expression measurements is crucial and is based on one or
several control genes. The expression of these genes must bestable (with overall high expres-
sion and low variability) across different types of tissue and conditions. They are essential for
molecular scientists because these special genes are associated with the maintenance of primary
cellular functions and therefore often calledhousekeeping genes.
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Figure 1: Global estimatêj0 for the three listsτ1, τ2, andτ3 in dependence ofδ

Popovici et al. (2009) aimed at the identification of relevant control genes, by mining mi-
croarray gene expression data belonging to various types ofcancer tissue. They proposed a
method for the ranking of genes which was applied to each individual data set. Taking into
account the intensity of gene expression and its variability across the samples, the best candi-
dates were ranked in the top range of these lists. Subsequently, a rank product score (Breitling
et al., (2004)) was applied in order to aggregate lists, providing a final list of genes with a new
ranking. However, the issue of estimating the index for listtruncation in order to obtain only
relevant genes remained unsolved. This aspect is tackled inour example we describe below.

For the purpose of demonstration, we analysed only a subset of ranked lists, representing
three common types of cancer, breast (τ1), prostate (τ2), and colon (τ3), from a total of eight
lists in Popovici et al. (2009), each of lengthN = 10, 000. Executing the inference procedure
for all pairwise combinations of the three input lists produced overall estimateŝk∗ depending on
the distance parameterδ and the pilot sample sizeν. Quite important is the choice ofδ. Hall and
Schimek (2010) introduced the so-called∆-plot which displays the decrease of discordance of
two lists as a function of increasingδ. Forτ1 vs. τ2 as well asτ1 vs. τ3 (figures not displayed),
the respective plots indicate an adequate range ofδ-values between 10 and 100. As the study
goal was the identification of control genes for RT-qPCR, a small set had been required and we
decided forδ = 10.
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Table 1: Aggregation results comprising 40 genes based on truncatedgene lists of length 65. Columns
represent lists obtained from different methods.

Method
CEMC MC BORDA

Rank
1 CALM2 CALM2 CALM2
2 RPL37 RPL9 HNRPA1
3 RPL27A RPL37 RPL27A
4 RPL30 RPL30 RPL30
5 RPL9 RPL27A RPL9
6 RPS24 RPS13 NACA
7 NACA NACA RPL37
8 RPL27 HNRPA1 RPS11
9 RPS29 RPL24 MORF4L2
10 RPS13 RPS11 LAPTM4A
11 LAPTM4A RPL27 RPS24
12 RPS11 RPS24 RPS13
13 HNRPA1 LAPTM4A RPS29
14 RPL24 RPL38 RPS27A
15 HNRPK RPS29 RPL24
16 ACTG1 MRFAP1 RPL27
17 RPS27A RPLP1 RPL31
18 RPL38 MORF4L2 RPL38
19 SRP14 SRP14 RPLP1
20 RPS15 HNRPK RPL6
21 RPL31 RPL6 RPS17
22 CD63 RPS17 RPS12
23 RPL6 DYNLL1 CD63
24 FAU RPL31 ACTG1
25 RPS17 RPS12 RPS15
26 EEF1G RPS27A MRFAP1
27 RPLP1 CD63 UBB
28 MRFAP1 ACTG1 RPL32
29 UBB USMG5 FAU
30 USMG5 EEF1G HNRPK
31 RPL32 CLTC EEF1G
32 MORF4L2 UBB SRP14
33 MYL6 RPS15 DYNLL1
34 EIF4A2 RPL39 RPL19
35 GABARAP RPL32 CLTC
36 RPL11 RPS20 USMG5
37 PTGES3 RPS4X GABARAP
38 RPL19 RPL19 RPL35
39 NDUFB5 FAU ATP5F1
40 DYNLL1 GABARAP RPL11

To prepare for the data integration, we truncated the three gene lists to the length of 65, a
global value resulting from several runs of the Hall and Schimek (2010) algorithm (parameters
wereν = 10, C = 0.251, andδ = 10). For the purpose of illustration, the estimation results
are given in Figure 1 for a wide range ofδ-values. Relevant in practice are only those results
obtained for rather smallδ’s.

Next, the truncated lists were aggregated by means of the CEMC algorithm as put forward in
Lin and Ding (2009). For optimization, Kendall’sτ -distance was applied. The obtained results
from this sophisticated stochastic approach were finally compared to the two classical ones,
Borda and MC. Borda’s method, the oldest known aggregation technique (Borda, (1781)), and
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its variants are based on a function of the rank positions across all lists. Typical aggregation
functions are the arithmetic mean, the geometric mean, and the median (here the latter was
adopted).

The final aggregated lists comprise 40 consolidated genes innew rank orders and are shown
in Table 1. When space considerations are taken into account, the differences between the three
methods are minor. The majority of identified genes, independent of the aggregation method,
are known housekeeping genes associated with different cell functions. The basic requirement
of control genes for RT-qPCR is their stable gene expression, defined by a large mean and a
small standard deviation. All the applied algorithms selected such genes.

In conclusion, owing to the data-driven selection of partial lists, a robust set of top-ranked
genes could be identified with the desired properties. All the described methods are available in
the R packageTopKLists (Schimek et al., (2011)). Simulation evidence and other genomics
applications can be found in Schimek, Myšičková and Budinská (2010).
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