
Directed acyclic graphs and the use of linear mixed
models

Siem H. Heisterkamp1,2

1 Groningen Bioinformatics Centre, University of Groningen
2 Biostatistics and Research Decision Sciences (BARDS), MSD, Oss

1 Introduction

In the work of (Dawid (2003)), Directed Acyclic Graphs (DAG)and its extensions play a im-
portant role in the construction of causal networks. In thispaper we use the DAG to present our
ideas of fitting causal models to data. Throughout this paperwe assume that there is evidence
from external sources that some causal pathway exist between a set of genes and a response.
In figure 1 we depict such a possible causal pathway of the expression of 5 genes and a binary
response Y in a study on liver toxicity of a compound. The nodes - or vertices - representing
the genes are supposed to beonor off. The variables attached to the edges connecting the nodes
are assumed to arise from a multivariate normal distribution. The response may or may not be
normally distributed. Directed edges are conveniently depicted as arrows,suggestinga causal
relation. Undirected edges are calledcommoncauses. In figure 1 both the pathway with com-
mon edges as well as its derived DAG is shown. We start in this paper with an analysis of a
DAG, but this can be relaxed by allowing common causes. A mathematically more convenient

Figure 1: Example of Causal pathways with common causes and its DAG representation. Names refer
to genes and Y the response (0/1)

way is to represent a DAG as an asymmetric adjacency matrixA. The DAG of figure 1 could
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be represented in the following manner:




























Lbp Tnfr.1 Tnfr.2 Jun.1 Jun.2 Apoc4 Y Dout

Lbp 0 1 1 0 0 0 0 2
Tnfr.1 0 0 1 1 0 0 0 2
Tnfr.2 0 0 0 1 1 0 0 2
Jun.1 0 0 0 0 1 1 0 2
Jun.2 0 0 0 0 0 1 0 1
Apoc4 0 0 0 0 0 0 1 1
Y 0 0 0 0 0 0 0 0

Din 0 1 2 2 2 2 1





























In which 1 in row i and columnj means that there is a directed edge from nodei to node
j, and0 at row i and columnj means that there is no such an edge inthat direction. The last
column and row represent the so called out- and in-degrees ofeach node respectively. From this
matrix all necessary properties for the distribution of theDAG can be derived. See appendices
4, 4 and 4.

2 Probabilities living on the DAG

In literature on DAG’s the node at the tail of an arrow is called a parent, while the node at the
arrowhead is called a child. While in the same analogy amoralizedgraph is anundirectedpre-
sentation of a DAG in which all theparentsof acommonchild are connected with an undirected
link - are married so to speak. See appendix 4 for an algebraicalgorithm to moralize a DAG.
We will now turn to the probability distributions living on aDAG.

In a DAG the total log-likelihood can be expressed as a sum of independent log-likelihood
terms of the child nodes. Each of which are conditioned on itsparents.

log lik (Dag) =
∑

ν

logP (Child|ν)

Whereν’s represent the corresponding parents of the child graph. To construct the likelihood of
the responseY assuming a linear relationship with all the other variableson some appropriate
scale- we follow the reasoning given in (Cox & Wermuth (1996)) at pages 65-66. The concept
is this: start with the last node - the response - which has no children of its own and assume that
this response is corrected for all variablesnot in the graph. We partition the moralized adjacency
matrixAm into the matrix without columnAy. and rowA.y and the rest. NowY hasdy parents
- the degree of the nodeY . The expected value ofY are the sum of (partial) regression ofY on

its parents being- indicated by1’s in the columnAy., a total of
n
∑

j=1

aj y − dy coefficients, thus

µy|νy
=

n
∑

j=1

aj yβy|νj
,

whereβy|νj
is the partial regression coefficient ofY on its parents zero. Assuming a normal dis-

tribution ofY we see that log-likelihood ofY given its parents is proportional to
(

y − µy|νy

)2
λ−1

, whereλ−1 is the residual precision. The associatedconcentrationor precisionas it is called

a the Bayesian context - isλ−1

(

dy −
n
∑

j=1

aj y

)

. We can go further in the same fashion by re-

garding each of the parental nodes ofY as children themselves until we finally end with the
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founding parents - which were all married by moralizing the DAG. The concentration matrix
- also called precision matrix or inverse of the covariance matrix equals the Laplacian of the
moralized graphAm.

One can relax the restriction with regard to the multivariate normal distribution as only
(dependent) least-squares regressions are required (Cox &Wermuth (1996)). We now write
down the regression model ofY using the values of the variables of the DAG as regressors and
possibly other fixed co-variablesX not being represented in the DAG. We denote the observed
regression matrix of the DAG-variables withA assuming this matrix to be stripped from the
columns/ row pertaining toY , and which are absorbed in the design matrixX

Y |β ∝ Nor
(

Xα+ Aβ, σ2Σy

)

The matrixΣy is the identity matrix for unrelated units. For dependant observations - e.g.
observations repeated in time on the same subject - one woulduse a non-diagonal matrix. In
the Bayesian frame work we allowβ to have a prior distributionwhile it should be forced to
represent our DAG. Now suppose that we have a DAGp nodes (excluding the barren variables)
and an adjacency matrix of dimensionsp × p. In addition let therank of A be r ≤ p. It
than follows that two times the posterior log-likelihood ofa multivariate normally distributedY
given the fixed co-variables and disregarding the hyper-priors onβ, σ andλ can be written as:

−2 · log lik (β |Y,X,A) = σ−2 (Y − Xα+ Aβ)t Σy (Y −Xα + Aβ)+

n · log
(

σ2
)

+ log (det (Σy)) +

λ−1βt
L β − r log (λ)+

− log (det (L)) + C

whereL is the Laplacian. A full Bayes (FB) solution allows one to give more -or less- weight
to some of the edges by means of hyper priors on the weights of the edges. However, a FB
solution is not always feasible because of computational costs. One way out is an empirical
Bayes (EB) solution. In the latter approach the posterior log-likelihood can be interpreted as a
penalized likelihood with penalty function

λ−1βt
L β

3 Penalized regression and the Linear Mixed Model

There is a well established equivalence between between penalized regression and the mixed
model. See (Pinheiro (2001)) chapter 2. His algorithm explicitly uses this connection. From that
it is also clear that the penaltyλ is not identifiable, but only its relative to the residual variance
σ2. The penalty matrix is the inverse of the co-variance structure for the random coefficients in
the mixed model. The regression equation itself is given by the entries of the adjacency matrix
of the directed graph, where the inclusion of a nodei j means an interaction term of variablei
with j. The interpretation of penalized likelihood makes sense: if λ = 0 we have afixedeffects
model and without any effect of the DAG structure. Ifλ→ ∞ - the observations do not matter,
the prior of the DAG completely determines the model. Thus using a mixed model the smaller
the ratioσ2/λ the more we believe in the model imposed by the causal graph.

In short we have demonstrated that a causal model represented by a DAG can be written
as mixed model with fixed effects the 2-wayinteractionsrepresented by the adjacency matrix
and themaineffects being the direct effects of variables directly linked to the response and the
variables without any incoming edges - the founding nodes. The randomeffects are the nodes
with a variance co-variance matrix represented by the Laplacian.
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This opens the way to use standard mixed model software such as lme()from S-Plus or R or
eventuallyproc mixed from SAS. We have developed functions forlme()which adds causal
models to the existing variance structures, by means of a newclass oflmeCausalobjects.

4 Discussion

From theory on causality (J. Pearl (2000)), (Dawid (2003)) we know that only certain patterns
in a network can be interpreted as causal using statistical techniques only. E.g. only a so-
called colliding node in a directed graph gives rise to a different Laplacian as compared to other
configurations of the edges with regard to that node. Technically this means that a DAG without
one or more colliding nodes cannot be distinguished from another graph with the same skeleton.

The framework of the mixed model allows one to use multilevelDAG’s or the extension to
the family of generalized linear mixed models. selection ofdifferent edges can be accomplished
by using e.g. the BIC or GBIC criterion. However, the number of combination of edges is pro-
hibitive for an all subset search. The other complication isthat in order to maintain a connected
pathway one cannot simply deselect edges by means of minimizing a general criterion. This
makes the indiscriminate use of the lasso- or the graphical lasso - less suitable, although the
penalized likelihood can easily be extended with theL1-norm penalty. Possibly the use of the
group lasso - allowing overlapping groups - in which connected pathways are penalized is an
interesting way to go forward. More research needs to be doneon this topic.

Appendices

A

Let A be the adjacency matrix of a DAG. The rows are presenting parents, the columns children. Marry-
ing parents with a common child means that for a child given column j all rowsi with aaij = 1 must be
given an entry1 as well. If we consider theith row as theith parent and it’sjth entry as an indicator for
being a child in columnj, than the in-product with rowi′th will give the number of common children. If
this in-product is larger than0 there are common children and we should setai,i′ = 1 if this was not the
case. (Note for the time being we donot setai′,i = 1). So now we use

(

AA
t
)

ii′
for i′ > i and if larger

than zero we connecti andi′. We denote a moralized graph byAm.
To un-direct the DAG simply take the sum of the adjacency matrix and its transpose:A + A

t. In
(Cox & Wermuth (1996)) the resulting graph is called theconcentrationgraph.

B

The Laplacian of the DAG or precision matrix is derived by first moralizing the graph and computing
the degree of of each moralized node. Suppose a weighted DAG,i.e. for all entriesai,j = 1 we have
assigned weightswi,j > 0. The degree of nodei is defined as:

di =
∑

j

wi,j.

Let D be the diagonal matrix of degrees than the weighted Laplacian is defined as:

L = I− D
−

1
2

m AmD
−

1
2

m .

Wherem stands for the moralized and undirected graph.
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C

Every graphG has a dual graphGD in which edges and nodes are interchanged. That is, ifνi andνj

are a pair of nodes inG connected by an edgeeij then the latter is a node inGD. Two nodes inGD are
connected if they have a common node inG. The same holds for the Directed GraphDG andDGD; two
nodes inDGD are connected if they have a common node in the directed graphDG, i.e. if there exists
a directed path through that node.

The adjacency matrix ofGD can be constructed as a tensor productAD = A ⊗ A. The same holds
for directed graphs. Indeed iff an elementAD

eis,esj
of the matrixAD is non-zero there is a directed

path fromνi to νj via the nodeνs, that isai,j of A must be non-zero. In terms ofAD this means that
aD

eis,esj
= ai,s ∗ as,j is non-zero. Undirected edges - common causes in the causal interpretation of a

directed graph - are such thataD
eij ,eji

= ai,j ∗ aj,i are non-zero.
A nodeνs of G is a colliding node iffai,s ∗ aj,s 6= 0. This means thatai,s ∗ a

t
s,j 6= 0. The latter can

be recognized as the elements ofA⊗At, whereAt is the transpose ofA.
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