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1 Introduction

The alignment problem for two unlabelled configurations of points involves finding a suitable
subset from each configuration such that one subset can be nearly superimposed on the another,
up to a rigid body transformation. Rangarajanet al. (1997) formulated the “Softassign” algo-
rithm to tackle this problem. In this paper we show that theiralgorithm can also be interpreted
as an EM algorithm. This alignment problem is also known as unlabelled shape analysis. Ap-
plications include matching points from different images and matching subsets of amino acids
in proteins from their 3-dimensional coordinates.

Consider two sets of points,X = (xj , j = 1, . . . , n) andµ = (µi, i = 1, . . . , m) in
Rd, d ≥ 1. A subset ofK points from each ofX andµ can be associated with one another
by using a “matching matrix”M , that is, a matrix of0s and1s such that there is at most one 1
in each column and in each row, and

∑m
i=1

∑n
j=1mij = K. If K = m = n so thatM defines

a permutation of the indices1, . . . , n, and there are no unmatchedX or µ points, thenM is
called a “full matching matrix”. Also a matching matrix is called “soft” if its elements can take
continuous values in the interval[0, 1] and do not need to be integers.

WhenK < min(m,n) it is also useful to consider an “augmented” matching matrixof size
(m+ 1)× (n+ 1) where the zeroth row and column represent a “coffin bin” for the unmatched
points with the values satisfyingm00 = 0 and

m
∑

i=0

mij = 1 for j = 1, . . . , n,
n
∑

j=0

mij = 1 for i = 1, . . . , m. (1)

Let F denote the group of rigid body transformations. A typical element can be written as
f(x) = γ + Rx for x ∈ Rd, whereγ ∈ Rd is a translation vector andR is ad × d orthogonal
matrix. If θ denotes the parameters needed to specifyf , then there is a unique noninformative
improper priorπ(θ) onF . Under this prior there is a parameterization ofθ such thatπ(θ) ∝ 1
is constant.

The objective of the alignment problem is to find a value ofK ≤ min(m,n), a choicef ∈ F
and a matching matrixM so thatf(µi) ≈ xj whenevermij = 1, 1 ≤ i ≤ m, 1 ≤ j ≤ n. For a
particular match betweenµi andxj with mij = 1, the quality of the fit can be measured by the
normal density

gij = gi(xj) = (2πσ2)−1/2 exp

{

−
1

2σ2
||xj − f(µi)||

2

}

. (2)

In this formulation,µi is regarded as fixed andxj is treated as coming from a normal distribution
centered atµi. We also writegij = gij(θ, σ

2). The varianceσ2 is treated as a fixed tuning
parameter here.

Hence the overall density of the dataX givenM andθ takes the form

L(X|M, θ) =
∏

ij

g
mij

ij , logL(X|M, θ) =
∑

ij

mij log gij . (3)
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Starting from the conditional log-likelihood (3), we can consider an objective function func-
tion

F (θ,M) =
m
∑

i=1

n
∑

j=1

mij ||xj − f(µi)||
2. (4)

IdeallyF should be minimized with respect to the transformation parametersθ and the integer-
valued matching matrixM subject to

∑m
i=1

∑n
j=1mij = K, whereK is assumed known.

This problem is hard computationally, so Rangarajanet al. (1997) proposed a relaxation of
the integer constraints onM and effectively consider the following objective function,

Fα∗,β∗(θ, C) =
m
∑

i=1

n
∑

j=1

cij
(

||xj − f(µi)||
2 − α∗

)

+
1

β∗

m
∑

i=0

n
∑

j=0

cij log cij. (5)

The matrixC is a soft augmented matching matrix, with0 < cij < 1 for all i, j except for
c00 = 0. There are two tuning parameters in this objective function, α∗ > 0 andβ∗ > 0. Here
α∗ determines the number of matching points, and provides an alternative to specifyingK. A
smallα∗ corresponds to a large value ofK. The parameter2β∗ plays the role of1/σ2 in (2).
For largeβ∗ the values ofC become closer to being integer-valued.

Rangarajanet al. (1997) developed the “Softassign” algorithm to minimize (5). It consists of
of alternating steps of weighted Procrustes matching and iterative proportional fitting to ensure
that the matrixC is an augmented matching matrix. It is straightforward to confirm that the
solution remains unchanged if the roles ofX andµ are interchanged.

Tayloret al. (2003) and Kentet al. (2010a) described a mixture model forX by treatingM
as an unobserved latent variable. However, their approach does not treatX andµ in a symmetric
fashion, and the answer changes if the roles ofX andµ are interchanged.

The purpose of this paper is to develop an alternative mixture model for which the solution is
symmetric inX andµ. The resulting optimization algorithm turns out to be essentially identical
to the Softassign algorithm of Rangarajanet al. (1997) .

2 A multinomial model for M

For simplicity suppose thatK = m = n so that there is no need to augment the matching
matrices, and the indicesi andj range over the intervals1 ≤ i ≤ m, 1 ≤ j ≤ n. Suppose the
unobserved full matching matrixM is uniformly distributed on the space of doubly stochastic
integer matrices, independent ofθ. Hence the prior forM takes the formL(M) = 1/n!, the
prior for θ is π(θ) = 1, and the conditional density for the data is given by (3).

Finding the maximum a posteriori (MAP) estimator forθ is computationally difficult under
this model forM . Hence we replace the exact model forM by a simpler sampling-with-
replacement model. To balance this relaxation in assumptions, the optimization problem is
constrained by requiring that the posterior expectationE(M |X) is n times a doubly stochastic
matrix:

(a) SupposeM contains the counts fromn independent multinomially distributed observa-
tions from MN(P ), whereP = pqT is a matrix of probabilities, where

∑

pi = 1 and
∑

qj = 1. The newly introduced parametersp andq have prior densities given below in
(8).

(b) Maximize the marginal density

L(X, θ, p, q) = {
∑

ij

exp(αi + βj)gij}
n (6)
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over (θ, p, q) subject to the constraint that the posterior expectationE(M |X, θ, p, q) is
doubly stochastic. The parameters{αi} and{βj} are defined in (7).

The introduction of a constraint on the parameters based on aposterior expectation seems un-
usual in Bayesian estimation.

Write p andq in the log-linear form

pi = exp(αi)/A,
∑

αi = 0, A =
∑

exp(αi),

qj = exp(βj)/B,
∑

βj = 0, B =
∑

exp(βj).
(7)

For technical reasons, it is helpful to suppose thatp andq come from an improper prior distri-
bution with density

π(p, q) ∝ (AB)n (8)

on the hyperplanes
∑

αi = 0 and
∑

βj = 0. This is a rather unusual prior. For example if
n = 2 andα1 = −α2 = α, thenA = 2 coshα, which blows up quickly as|α| → ∞. The
reason this singularity does not cause problems in the posterior for θ is because the posterior
expectation is constrained.

Then it is possible to formulate an EM algorithm to estimateθ. As a by-product an estimate
of the matching matrixE(M |X) is obtained. This methodology can also be extended to the
caseK < min(m,n) where there are unmatched points. See Kent, Mardia and Taylor (2010b)
for more details.

3 Comparison to RCB

(a) The Softassign algorithm is based on very different assumptions to the multinomial model
developed here, but the algorithm turns out to be identical to the EM algorithm. Rangara-
jan et al. (1997) show their algorithm is monotonic; in our case the same conclusion
follows from general properties of the EM algorithm.

(b) Rangarajanet al. (1997) include an option to allow the matched points in theX and
µ configurations to have different scalings. It is not yet clear whether there is an EM
interpretation for this ad hoc adjustment.

(c) Their algorithm has tuning parametersα∗ and1/(2β∗) which are analogous to, or can be
identified with our parametersK andσ2, respectively.

(d) Rangarajanet al. (1997) recommend annealing, i.e. lettingβ∗ slowly increase to∞ in
order to hardenE(M |X). Taylor et al. (2003) and Kentet al. (2010a) have treatedσ2

as a meaningful statistical parameter to be estimated, perhaps using external information,
and then using integer programming to harden a soft solutionfor M .
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