Statistical Complexity in Protein Bioinformatics
Kanti V. Mardia
Department of Statistics, University of Leeds
1 Introduction
Problems in protein bioinformatics have led to various challenges in statistics. Here we focus
basically on a few problems related to shape analysis and directional statistics.
Random rotations have been reappearing recently in various problems. In Section 2, we summarize some key points for the Fisher matrix distribution which is the most plausible distribution
for random rotations. It requires a treatment of Haar measure which in practice needs a coordinate system. Eulerian angles are natural but the choice is not unique and neither is the Jacobian
simple. We deal with the three dimensional case in detail motivated by applications in protein
structure. Eulerian angles also appear in the registration of form (ie. when rigid tranformations
are filtered out), and a Bookstein type registration is given in Section 3. This is important in
matching two protein backbones. These sections involve Euler’s angles of one type or another.
Another important problem is how to make inference for directional models, especially where
the normalizing constant is intractable. Section 5 gives a recent approach to the saddlepoint
approximation to directional distributions. Another problem is how to sample such distributions efficiently (especially when the number of parameters are large). One approach which
seems to fit well in directional statistics is importance sampling, and we describe a simple case
which would make a building block. Bayesian analysis for directional distributions is becoming
popular and we comment on the current trend in Section 6. We end the paper with a discussion.

2 Random Rotations and the Matrix Fisher Distribution
2.1 Introduction
Distributions on rotations are becoming increasingly important and we give a brief overview
(with some new results) of the most common distributions on rotations, namely the Fisher
matrix distribution studied by Downs (1972) and Khatri and Mardia (1977). Since then Green
and Mardia (2006) and Mardia (2009) have given some further properties.
Let X be a p × p rotation matrix so that

X T X = XX T = I, X ∈ SO(p)

(1)

with |X| = 1 and I is the identity matrix. We will write the uniform distribution on SO(p) as
[dX], X ∈ SO(p)

(2)

which is the Haar measure scaled to have unit mass. The matrix Fisher distribution on a rotation
X (Downs, 1974; Khatri and Mardia, 1977) has probability density function (pdf)
a(F ) exp{trF T X}[dX], X ∈ SO(p),
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(3)

where F is a p × p parameter matrix. Note that (3) is usually defined for the general case of
Stiefel manifold, and here we are dealing with a special case. Also the same distribution is
applicable to X ∈ O(p). For further details, see also Mardia and Jupp (2000). For another
model, see León et al (2006).
2.2 Uniform Distributions
The Haar measure is well known in multivariate analysis (see, for example, Muirhead, 1982)
but in practice we need to express this uniform distribution with respesct to a particular parameterization. Khatri and Mardia (1977) have provided an Euler type representation for any
dimensions. We will consider first the general Euler parameterization. Let us define p(p − 1)/2
Eulerian angles for X as
θij , i < j = 1, . . . , p,
(4)
where


−π ≤ θi,i+1


1
1
≤ π, − π ≤ θij ≤ π, i = 1, 2, . . . , p; j = i + 2, . . . , p .
2
2

Thus for p = 3, we have the three Eulerian angles θ12 , θ13 and θ23 where
1
1
−π ≤ θ12 , θ23 ≤ π and − π ≤ θ13 ≤ π.
2
2

(5)

Let Hij (θij ) be an orthogonal matrix such that in the diagonal places, there are unities except
at (i, i)th and (j, j)th places in which there is cos θij , and in the off-diagonal places, there are
zeros except at (i, j)th and (j, i)th places in which there are − sin θij and sin θij respectively
(j > i). Define
H (j) = Hj−1,j (θj−1,j ) . . . H1j (θ1j ), H = H (p) H (p−1) . . . H (2) .

(6)

The matrix H then gives a general rotation matrix in terms of Euler angles. We can have
different forms of orthogonal matrices whichcan beobtained by permuting the orders of multi! different orthogonal matrices which will
plications mentioned in (6). There are such p(p−1)
2
give different (or same) Jacobian of transformations. Also, we can permute unities in Hij (.).
Suppose we select the independent elements of H as
{hij (θij ), i < j, j = 2, . . . , p}.

(7)

Further let Hii be the sub-matrix obtained from H by taking the first i rows and i columns. Then
Khatri and Mardia (1977) have shown that the Haar measure (with respect to Πdθij ) becomes
[dH] = π

− 21 p2

{Γp



 Y
p
p
Y
1
|Hii|+ ,
{dhij (θij )/dθij }/
p }
2
i=1
i<j=1

where |Hpp | = |H| = 1, and
Γp



1
p
2



=π

1
p(p−1)
4



p
Y
1
Γ
(p − j + 1) .
2
j=1
10

(8)

Q
If the independent elements of H selected in (7) are different then the term pi=1 |Hii |+ needs
to be replaced by the full determinant from the Jacobian of the linear transformation of the
elements of the skew symmetric matrix H(dH)T to the independent elements in (dH)T .
The most important case in practice is for p = 3 (for p = 2 we have the well known uniform
distribution on circle). We now consider the case for p = 3 with the support given by (5) on the
angles. Note that there are many variations in parameterization even in this case (see below).
First note that we have from (6)
H (2) = H12 (θ12 ), H (3) = H23 (θ23 ) H13 (θ13 ),
H = H23 (θ23 ) H13 (θ13 ) H12 (θ12 ) = H(θ12 , θ13 , θ23 ), say,


cos θ12 − sin θ12 0
H12 (θ12 ) =  sin θ12 cos θ12 0  ,
0
0
1




cos θ13 0 − sin θ13
1
0
0
 , H23 (θ23 ) =  0 cos θ23 − sin θ23  .
0
1
0
H13 (θ13 ) = 
sin θ13 0 cos θ13
0 sin θ23 cos θ23

(9)

It is found from (9) that here H is given by


cos θ13 cos θ12
− cos θ13 sin θ12
− sin θ13
 − sin θ23 sin θ13 cos θ12 + cos θ23 sin θ12 sin θ23 sin θ13 sin θ12 + cos θ23 cos θ12 − sin θ23 cos θ13  .
cos θ23 sin θ13 cos θ12 + sin θ23 cos θ12 cos θ23 sin θ13 sin θ12 + sin θ23 cos θ12 cos θ23 cos θ13
Thus in this representation, the independent elements from (7) are

h12 (θ12 ) = − cos θ13 sin θ12 , h13 (θ13 ) = − sin θ13 , h23 (θ23 ) = − sin θ23 cos θ13 .

(10)

Also we can compute
H11 = |h11 |, H22 =

h11 h12
.
h21 h22

(11)

Substituting these in (8), we find that the pdf of the uniform distribution on (θ12 , θ13 , θ23 ) is
given by
(8π 2 )−1 cos θ13 .
(12)
Indeed, this a particular case of the uniform distribution for any Stiefel manifold given in Khatri
and Mardia (1977) with Euler parameterization.
Consider now the standard Eulerian transformation with three angles α, β, γ (see for example,
Fisher et al, 1987, p.32)
A(α, β, γ) = A1 (γ)A2 (α)A3 (β) = (aij )
where






cos γ sin γ 0
cos α 0 − sin α
,
1
0
A1 (γ) =  − sin γ cos γ 0  , A2 (α) =  0
0
0
1
sin α 0 cos α


cos β sin β 0
A3 (β) =  − sin β cos β 0 
0
0
1
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where 0 ≤ β, γ ≤ 2π, 0 < α < π. It is seen that A(α, β, γ) is given by


cos α cos β cos γ − sin β sin γ
cos α sin β cos γ + cos β sin γ − sin α cos γ
 − cos α cos β sin γ − sin β cos γ − cos α sin β sin γ + cos β cos γ sin α sin γ  .
sin α cos β
sin α sin β
cos α
Here a set of independent variables is given by

a33 = cos α, a32 = sin α sin β, a23 = sin α sin γ.

(13)

If we identify (10) with (13), then
α = θ13 +

π
, β = θ12 , γ = θ23 ,
2

and the uniform pdf in (12) becomes
(8π 2 )−1 sin α.

(14)

This result was derived using a geometrical argument by Miles (1965). Note that the results can
be proved directly using the “conditional" Jacobians as in Mardia (2009a). Now if we substitute
H(θ12 , θ13 , θ23 ) = X
into (1), we get a distribution whose conditional distributions for θ12 given (θ13 , θ23 ) and θ13
given (θ12 , θ23 ) are univariate von Mises distributions but the distribution of θ23 given (θ12 , θ13 )
has the Mardia-Gadsen distributional form. However if we use X = A(α, β, γ) then (β, γ)
given α has a bivariate von Mises distribution (Rivest-Mardia type) with pdf proportional to
exp{λ1 cos β cos γ + λ2 sin β sin γ}
but α given β and γ has the Watson distribution (marginal) with pdf proportional to
exp{λ3 cos2 α} sin α.
This link given by Habeck (2009) allows a faster sampling procedure since the Rivest-Mardia
distribution can be reduced to a product of two independent von Mises distributions. We are
investigating whether there exists another representation of X = H(θ, φ, ψ) which may have,
for example, the Fisher distribution for (θ, φ) conditional on a circular variable ψ whereas the
circular variable ψ conditional on (θ, φ) may have a von Mises distribution!
2.3 The GM algorithm and Form
We now indicate how the matrix Fisher distribution has appeared in Bayesian alignments.
Green and Mardia (2006) have aligned a pair of configurations using a full Bayesian aproach
for unlabelled configurations in Rd . Denote the j th point in the x configuration by xj where
j = 1, . . . , m. Similarly, yk denotes the k th point in the y configuration where k = 1, . . . , n.
Let A and τ denote the rotation matrix and translation vector to bring y into alignment with
x. Furthermore denote prior distributions on these parameters by p(A) and p(τ ). We denote
the prior for σ, parameterising noise in positions for x and y coordinates, by p(σ). The joint
posterior distribution for the model is
Y  φ({xj − Ayk − τ }/σ √2) 
√ d
κ
(15)
p(M, A, τ, σ, x, y) ∝ p(A)p(τ )p(σ) ×
(σ
2)
j,k:M =1
jk
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where φ(·) is the standard normal probability density function and κ > 0 is a parameter representing the propensity of points to be matched. M is an unknown matrix for matching:

1 if xj corresponds to yk ,
Mjk =
0 otherwise.
Now for the labelled case, we have m = n; j = k = 1, . . . , m and M = I so that we can
rewrite (15), the joint posterior distribution for the model, as
(
)
m
X
1
p(A, τ, σ, x, y) ∝ p(A)p(τ )p(σ)(σ)−md exp − 2
||xj − Ayj − τ ||2 .
σ j=1
Hence we can now carry out the Bayesian inference on A, τ and σ following Green and Mardia
(2006) for example. This gives a Bayesian perspective to matching labelled forms (cf. Habeck,
2009; Theobald and Wukkte, 2006).

3 Form Analysis and Bookstein-Type Coordinates
We indicate how Bookstein-type coordinates can be constructed for form analysis in three dimensions which are required in registering backbones (see, for example, Killian et al, 2007).
For similarity shape, a set of Bookstein coordinates for three dimensions is given in Dryden and
Mardia (1998, p.78). Let X(k × 3) be the configuration matrix with rows xi , i = 1, . . . , k.
There are six degrees of freedom and from a naive point of view, it might be thought that the
six degrees of freedom in x1 and x2 might be sufficient to determine the six degrees of freedom
needed to specify Bookstein registration. However this is not the case as x1 and x2 are colinear,
and planar information is required to specify the Bookstein registration. We first use the point
x1 as the origin so that
yi = xi − x1 , i = 1, . . . , k.
(16)
Then use y2 (ie. x2 ) to fix the colatitude and longitude of the points, ie. let (θ2 , φ2 ) be the polar
coordinates of y2 (z-axis is the north pole). Then
ui = R(θ2 , φ2)yi ,
where

i = 1, . . . , k

(17)




cos θ cos φ cos θ sin φ − sin θ
.
cos φ
0
R(θ, φ) =  − sin φ
sin θ cos φ sin θ sin φ cos θ

Now rotate the new coordinates around the coordinates u3 (or x3 ), ie. if
uT3 /||u3|| = (sin θ3 sin φ3 , sin θ3 cos φ3 , cos θ3 ).

Then the Bookstein-type coordinates for the form in the three dimensions (angle φ3 with new
x-axis) are
vi = S(φ3 )ui, i = 1, . . . , k,
(18)
where




1
0
0
S(φ) =  0 cos φ sin φ  ,
0 − sin φ cos φ
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and ui are given by (15) and (16). In bioinformatics, these coordinates are termed bond-angletorsion (BAT), see for example, Killian et al (2007) and we show elsewhere how these can be
used in matching protein backbones.
For the two dimensional case, the first two new coordinates are (0, 0) and (d, 0) using x1 and
x2 , namely
ui = S(φ)yi, yi = xi − x1 , i = 1, . . . , n,
where now S(φ) is a 2 × 2 rotation matrix


cos φ sin φ
,
S(φ) =
− sin φ cos φ
such that
uT2 = (|x2 − x1 |, 0) = (|y2 |, 0).

(19)

The construction extends to any dimenion.

4 Saddlepoint Approximations
We consider the simple example of calculating the normalizing constant for the von Mises
distribution. The pdf of the von Mises distribution for zero mean is given by
{c(κ)}−1 exp{κ cos θ}, 0 < θ < 2π,

(20)

where κ is the concentration parameter (κ ≥ 0). The normalizing constant is complicated,
namely, we have
c(κ) = 2πI0 (κ),
(21)
where I0 (·) is a Bessel function. This difficulty is more complex for the multivariate directional
distributions on the torus, sphere, etc, see, for example, Mardia et. al. (2008). However, we
can derive a saddlepoint approximation from Kume and Wood (2005) as a particular case of the
Fisher-Bingham distribution. Here we give a direct derivation of their approximation for the
von Mises case to get insight into their approach. We show that approximately
1

1

1

c(κ) ≃ (2π) 2 (1 + κ2 )− 4 exp{(1 + κ2 ) 2 } = d(κ), say.

(22)

Note that it is a well known fact for small κ and large κ that
1

1

c(0) = 2π, c(κ) ≃ (2π) 2 κ− 2 exp(κ).
Thus,
c(0)/d(0) ≃ 1.084, c(κ)/d(κ) ≃ 1 for large κ.
Hence the approximation covers at least the extreme range.
Consider x ∼ N(κ, 1), y ∼ N(0, 1) with x = r cos θ, y = r sin θ. Then, the conditional
distribution of θ given r = 1 with pdf
f (θ|r = 1) = {c0 (κ)}−1 exp{κ cos θ},
where now
c0 (κ) = 2πg(1) exp{
14

κ2 1
+ }
2
2

(23)

and g(1) is the value of the marginal pdf of r at r = 1. Now, r 2 has non-central χ22 distribution
with the non-centrality parameter λ = κ2 /2. We can now take the saddlepoint approximation
for g(r) to obtain g(1) which then leads to (22). In fact, the saddlepoint approximation for the
non-central χ22 is given by (see, for example, Casella and Goutis, 1999)
1

g(1) ≃ (2πK ′′ (t))− 2 exp{K(t) − t},

(24)

where
1
1
4(1 + 2λ − 2t)
2λt
t = − (1 + κ2 ) 2 , K(t) =
− log(1 − 2t), K ′′ (t) =
.
2
1 − 2t
(1 − 2t)3

On substituting K(t) and K ′′ (t) into (28), we find that
1

g(1) ≃

(1 − 2t) 2

1

1

2(2π) 2 (1 + κ2 − 2t) 2

exp{−2t −

κ2 1
− }.
2
2

(25)

Further, substituting g(1) given by (25) into (23), we get d(κ) given by (22). This has great
potential for carrying out inference procedure for the multivariate directional distributions and
is currently under investigation here and elsewhere. Another method for inference is using
composite likelihoods (see, for example, Mardia et al, 2009).

5 Importance Sampling
Most of the common distributions in directional statistics belong to the canonical exponential
family (when at least the “location parameter" is given). Thus the new methods to obtain MLE
or normalizing constants for the exponential family play a significant role. Another feature of
these models is that when the “association" parameters are zero then the marginals are easy
to handle. The simplest examples are perhaps the sine and cosine bivariate von Mises models
(Mardia et al, 2007). Insight into such a behaviour can be obtained by considering the well
known bivariate normal distribution as shown below. The main idea is to use importance sampling as proposed by Geyer and Thompson (1992) and Geyer (1996). But here we follow the
presentation of Green (1992).
Let θ be a true parameter vector in the exponential density
fθ (x) =

1
exp{θT t(x)}
c(θ)

(26)

and let ψ be a suitable value of θ where fψ (.) can be sampled. Then, we have
n

1 X (θ−ψ)T t(xi )
e
c(θ) ≃
n i=1
where x1 , . . . , xn is a random sample from fψ (.).
Let X be a bivariate normal with zero means, unit variances and correlation ρ. Here


Z Z
1 2
2
2
c(ρ) =
exp − (x1 − 2ρx1 x2 + x2 )/(1 − ρ ) dx1 dx2 .
2
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(27)

Here ρ = 0 is the case (two independent normal variables) where we can sample the distribution
easily. Let
1
t1 (x) = − (x21 + x22 ), t2 (x) = x1 x2 ,
2

θ1 = 1/(1 − ρ2 ),

θ2 = ρ/(1 − ρ2 ).

(28)

Suppose ψ1 = 1, ψ2 = 0 (so that ρ = 0). Thus from (27), we have





N
1
ρ
1 X
exp
− 1 t1 (xi ) +
t2 (xi )
c(ρ) ≃
N i=1
(1 − ρ2 )
1 − ρ2

(29)

where the first term has the coefficient (θ1 − ψ1 ) and the second (θ2 − ψ2 ). So now draw random
samples from x1 ∼ N(0, 1) and x2 ∼ N(0, 1), both independent. Note that we know here that
1
c(ρ) = 2π(1 − ρ2 ) 2 . Hence the behaviour of ĉ(ρ) can be studied. Also, we can obtain the MLE
of ρ by this method. For some comments on general issues with this technique, see for example,
Robert and Casella (1999, pp210–211). Here we have considered a “marginal approach" but
when conditionals are easier then the Gibbs sampler is an alternative (see, for example, Mardia
et al, 2007; Mardia et al, 2008). Incidentally, there are no problems in simulating wrapped
normal distributions on the torus, for example (see, Kent and Mardia, 2009).

6 Conjugate Priors for Directional Distributions
6.1 Introduction
There has been renewed interest in directional Bayesian analysis since the paper of Mardia
and El-Atoum (1976). One of the most recent papers on the topic is by Lennox et al (2009).
Consider the von Mises distribution with p.d.f.
{2πI0 (κ)}−1 exp{κ cos(θ − µ)},
where −π < θ ≤ π, −π < µ ≤ π and κ ≥ 0, and I0 (κ) is a Bessel function. Here µ is the mean
direction and κ is the concentration (precision) parameter. It has been shown in Mardia and ElAtoum (1976) that for given κ, the conjugate prior for µ leads to the conditional distribution
again as von Mises.
Guttorp and Lockhart (1988) have given the joint conjugate prior for µ and κ, and Mardia (2007)
has considered a slight variant. However, the distribution for κ is not straightforward. Various
suggestions have appeared; for example, take the prior for κ independently as a chi-square
distribution, use the non-informative prior and so on.
6.2 Bivariate Distributions
The current interest in bivariate directional distributions has increased with their important applications in structural protein bioinformatics; Kent et al (2008) have recently given an overview.
A general bivariate circular model, which we call the “full” bivariate von Mises (BVM) distribution, was introduced by Mardia (1975),

f (θ, φ) ∝ exp κ1 cos(θ − µ) + κ2 cos(φ − ν)+
(30)

 
T
cos(θ − µ), sin(θ − µ) A cos(φ − ν), sin(φ − ν)
,
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where the angles θ, φ ∈ (−π, π] lie on the torus, a square with opposite sides identified, and the
matrix A = (aij ) is 2 × 2. This model has eight parameters and allows for dependence between
the two angles. It can be shown that the conjugate prior for (µ, ν) given κ1 , κ2 and A leads to
the posterior distribution for (µ, ν) of the same form as the full BVM. We have also obtained
the normalizing constant for this general case to write down the full conjugate prior and the
posterior (Mardia, 2009c) but the problem is more intricate as expected.
Recently the submodels of the full BVM with 5 parameters have been popular. We will mainly
concentrate on the sine model where a11 = a12 = a21 = 0, a22 = λ, that is the p.d.f. is given
by
f (θ, φ) ∝ exp{κ1 cos(θ − µ) + κ2 cos(φ − ν) + λ sin(θ − µ) sin(φ − ν)}
(31)
where κ1 , κ2 and λ are the precision parameters. Let (θi , φi ), i = 1, . . . , n, be a random sample
from the sine model. Let us write

U11

C1 = Σ cos θi , S1 = Σ sin θi , C2 = Σ cos φi, S2 = Σ sin φi ,
= Σ cos θi cos φi , U21 = Σ sin θi cos φi , U12 = Σ cos θi sin φi , U22 = Σ sin θi sin φi .

Suppose that the prior for (µ, ν) given the precision parameters is again the sine model with
parameters (µ0 , ν0 , κ01 , κ02 , λ0 ). Then after some algebra it can be shown (Mardia, 2009c) that
the posterior density for (µ, ν) is given by the full BVM distribution with the mean (µ∗0 , ν0∗ ),
concentration (κ∗1 , κ∗2 ) and the matrix A as defined below.
κ∗1 cos µ∗0 = κ01 cos µ0 + κ1 C1 , κ∗1 sin µ∗0 = κ01 sin µ0 + κ1 S1 ,
κ∗2 cos ν0∗ = κ02 cos ν0 + κ2 C2 , κ∗2 sin ν0∗ = κ02 sin ν0 + κ2 S2


cos ψ sin ψ
∗
∗ T
A = R(µ0 )DR(ν0 ) , R(ψ) =
, D = (dij ),
− sin ψ cos ψ
d11 = λ0 sin µ0 sin ν0 + λU22 , d12 = −(λ0 sin µ0 cos ν0 + λU21 ),
d21 = −(λ0 cos µ0 sin ν0 + λU12 ), d22 = λ0 cos µ0 cos ν0 + λU11 .
This result is in conflict with the result given by Lennox et al (2009) where the posterior density
for (µ, ν) is claimed to be a sine distribution.
We can work in the same way with the cosine model (Mardia et al, 2007; Boomsma et al, 2008)
but now the posterior distribution of the mean is another cosine submodel of the full BVM but
with six parameters only. Various details will appear in Mardia (2009c).
6.3 The Multivariate von Mises Distribution
Mardia et al (2008) have given a multivariate sine model with its pdf of θ T = (θ1 , . . . , θp ) as
1
{T (κ, Λ)}−1 exp{κT c(θ, µ) + s(θ, µ)T Λ s(θ, µ)},
2

(32)

where −π < θi ≤ π, −π < µi ≤ π, κi ≥ 0, −∞ < λij < ∞, κT = (κ1 , . . . , κp ),
c(θ, µ)T = (cos(θ1 − µ1 ), . . . , cos(θp − µp )), s(θ, µ)T = (sin(θ1 − µ1 ), . . . , sin(θp − µp )),
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and (Λ)ij = λij = λji,
i 6= j,
λii = 0, with {T (κ, Λ)}−1 a normalizing constant. We
call this the multivariate von Mises density. Note that for p = 1, this is a univariate von Mises
density and for p = 2, this density corresponds to the bivariate sine model. Further, for p > 2,
the normalizing constant is not known in any closed form. For large concentrations we have
(µ = 0 without any loss of generality)
θ ∼ Np (0, Σ−1 ),

where (Σ−1 )ii = κi , (Σ−1 )ij = −λij , i 6= j.

Using the conjugate prior for the mean vector µ for given κ and Λ, then the posterior density
of µ is found to belong to an extension of (32) given in Mardia and Patrangenaru (2005). For
κ, Λ we can use the independent prior distribution as Wishart for Γ where (Γ)ii = κi and
(Γ)ij = −λij , following the proposal for p = 2 by Lennox et al (2009). Again, full details of
the results in this section will appear elsewhere (Mardia, 2009c).

7 Discussion
We have given here a few pointers to investigate some new “complex" problems in directional
statistics and shape analysis. This style follows in the spirit set by LASR papers such as Mardia
(2007), and Kent et al (2008). There has been a lot of activity in statistical protein bioinformatics
and a full review will appear elsewhere (Mardia, 2009b). Boomsma et al (2008) and Frellsen et
al (2009) are some of our examples of interdisciplinary work in the area but the field is moving
fast with activities at various other centres. We hope that the field will continue to grow at the
current speed!
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