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1 Introduction
Interest in statistical methods for directional data has had something of a renaissance in recent
years through new applications in bioinformatics such as protein structure. The protein “backbone” can be largely characterized in terms of a sequence of circular angles, φj and ψj . Thus
there is a need for new methods to handle the analysis of multiple angles.
In this paper we shall explore the development of methods for angles analogous to multivariate
methods for real-valued data. In particular consider an n × p data matrix of angles θjk and
consider the problem of principal component analysis to find a low-dimensional summary of
the main variability in the data. Since an angle θ can be represented in R2 as (cos θ, sin θ), there
is a natural Euclidean representation of the data in 2p dimensions. However, a 2p-dimensional
principal component analyis seems excessive since there are only p degrees of freedom in the
original angular dataset.

2 Moments for the wrapped normal torus distribution
Suppose that θ is a vector of angles following a wrapped normal torus distribution; that is,
θj = xj mod 2π, j = 1, . . . , p, where x ∼ Np (0, Σ). One reason for choosing this distribution
is that the trigonometric moments have straightforward explicit expressions. If δ is a p×1 vector
with integer coefficients, then
1
E{cos(δ T θ)} = exp{− δ T Σδ}
2
T
E{sin(δ θ)} = 0.
In particular, for j, k = 1, . . . , p,
1
E{cos(θj )} = exp{− σjj } = cj , say,
2
E{sin(θj )} = 0,
1
E{cos(θj ± θk )} = exp{− (σjj ± 2σjk + σkk )}
2
E{sin(θj ± θk )} = 0.
Combining the two versions of the last two equations yields
E{cos(θj ) cos(θk )} = cj ck cosh(σjk ) = ajk , say,
E{sin(θj ) sin(θk )} = cj ck sinh(σjk ) = bjk , say,
E{sin(θj ) cos(θk )} = 0.
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(1)

Store the coefficients {cj } as a vector c and the coefficients {ajk } and {bjk } as matrices A and
B. Write D = diag(c). In matrix form the covariance matrices for the cosines and sines take
the form
var(cos θ) = DAD − ccT ,

var(sin θ) = DBD,

cov(cos θ, sin θ) = 0.

(2)

Thus Σ can be recovered from the trigonometric moments through the equation
Σ = sinh−1 (D −1 var(sin θ)D −1 ).

(3)

Here the √
notation sinh−1 (·) applied to a matrix means that the inverse sinh function, sinh−1 (u) =
log(u + u2 + 1), is applied to each element of the matrix.
These results suggest a method to estimate Σ from an n × p matrix of torus data.
(a) Calculate the sample first order trigonometric moments for the p angles, and rotate each
angle so that the resultant vector points towards the positive horizontal axis.
(b) Calculate the sample second trigonometric moments corresponding to (1) and use (3) to
produce an estimate of Σ.
If Σ is small (formally, write Σ = ǫΣ0 for a fixed positive definite matrix Σ0 and let ǫ get small),
then cj ≈ 1 for all j and Σ ≈ B. Further the three p-dimensional vectors sin θ ≈ θ ≈ x are
approximately the same as one another (treating each angle θj as a number in [−π, π)), and
hence all have approximately the same covariance matrix.

3 Angular PCA
1. There are several ways in which the sine and cosine covariances might be used in a principal component analysis, including the following.
(a) Mardia et al. (1996) suggested PCA on the p-dimensional vector sin θ. For the
wrapped normal torus model, the covariance matrix is given in (2).
(b) Mu et al. (2005) have suggested PCA on the 2p-dimensional vector (sin θ T , cos θ T )T .
(c) Another possibility is to pool the cosine and sine information. For the wrapped
normal torus model described above, the pooled covariance matrix takes the form
P = DAD − ccT + DBD = D{exp(Σ) − 1p 1Tp }D,
where 1p is a p-dimensional vector of ones, and exp(Σ) is a p × p matrix with
elements exp(σjk ). This idea is closely related to the complex PCA based on the
complex vector exp(iθ) suggested by Altis et al. (2007) and Altis et al. (2008).
The moment results derived above will help to understand differences between these approaches more thoroughly.
2. An important use of PCA is as an exploratory method to detect clustering. A mixture
of two or more wrapped normal torus distributions with a fixed number of components
provides a mixture distribution with tractable moments, which in turn facilitates the use
of the EM algorithm to estimate the parameters.
3. One disadvantage of the wrapped normal torus distribution is that it does not form an
exponential family, unlike the sine and cosine models described e.g. in Mardia et al.
(2008). In particular, there are no conjugate priors to faciliate a Bayesian analysis.
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