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1 Introduction

The method for analysing object symmetry (Mardiaal. 2000; Kent and Mardia 2001) has been de-
veloped for the studies of shape variation in structuresatabilaterally symmetric (e.g. human faces).
Further work related object symmetry to the structure ofghape tangent space which was decom-
posed into one subspace of symmetric shape variation andulrspace of asymmetric shape variation
(Kolamunnage and Kent 2003; Kolamunnage and Kent 2005)inBtance, principal component analy-
sis (PCA) yields separate principal components (PCs) guntaeither symmetric or asymmetric shape
variation (Kolamunnage and Kent 2003).

This approach has been extended for the shape analysis of@mpf symmetry (Savriama and Klin-
genberg 2006). Every type of symmetry is associated witht @fsgymmetry transformations, which
forms a symmetry group. An original configuration of landksais used and copies of it to which all
transformations in the symmetry group of the object have la@plied. Thereafter, a Procrustes fit super-
imposes all configurations and the resulting Procrustesirf@msensus) is symmetric. To separate the
components of symmetric and asymmetric shape variatidmne#fpect to the symmetry transformations
in the symmetry group of the object, we used PCA (Savriamakdindgenberg 2007).

Here, we suggest an approach to decompose the shape tapgeatfer object symmetry involving
rotations into appropriate subspaces of symmetric and m&fric shape variation. Also, we propose a
method to determine the shape dimension for the respecthspaces.

2 Subspaces of symmetric and asymmetric shape variation

For object symmetry involving reflection, the shape tanggrace is decomposed into two types of
subspaces that are orthogonal and complementary to eaamh otte subspace of shape changes that are
symmetric with respect to reflection and one subspace ofstlzgnges that are asymmetric with respect
to reflection (Mardiaet al. 2000; Kent and Mardia 2001). Similarly, if the symmetry gvozontains
rotations, the shape tangent space is decomposed into s &f orthogonal subspaces: one subspace
of symmetric shape changes relative to the rotations andsobgpace of asymmetric shape changes
considering rotations. If the symmetry group contains beftection and rotations, the shape tangent
space is decomposed into various subspaces as a conseqtifreceombinations between the reflection
and rotations.
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3 Casestudy: Rotational symmetry

Let us consider a two dimensional object that is symmetrideunotations of ordep. It is equally
divided intoo sectors arranged around the centre of rotation (like tleslof a pie). We describe the
geometry of the object with a configuration of landmarks ttatsists ot landmarks ¢ = 0, 1) for the
centre of rotation ané landmarks per sector. Thidlandmarks are identical for every sector and they are
off the centre of rotation. The total number of landmarksfist+ ¢. The shape dimension for the shape
tangent space ok + ¢) — 4.

In the symmetric shapes, the centre is fixed and there arengdree parameters associated to it. By
contrast, thé: landmarks are free to move in any direction so that ther@/afeee parameters associated
to them. However, the Procrustes fit imposes two constrainesto the size and orientation of the
whole configuration which remove one degree of freedom e@bhrefore, the shape dimension for the
subspace of symmetric shape variatiogfs— 2.

To obtain the shape dimension for the asymmetry, we sulttiacthape dimension for the subspace of
symmetric variation from the shape dimension for the shapgdnt space since it has been demonstrated
that the shape dimension for the subspaces of symmetricsymahaetric variation sum up to the shape
dimension for the shape tangent space (Maetlia. 2000; Kent and Mardia 2001). Thus, the shape
dimension for the asymmetric variation 20 — 1)k + 2c — 2. Note that the Procrustes fit adds a
constraint (two dimensions) due to location for these patars.

In addition, if 0 is not a prime number (e.g. 4 or 6) there igHar structuring within the subspace of
asymmetry. The subspace of asymmetry can be decomposeslibgpaces of shape variation symmet-
ric with respect to rotations which order corresponds tdhgaime factor ofo and subspaces of shape
variation asymmetric relative to any rotations. Besidis,has only two prime factors the shape dimen-
sion for each subspace of shape variation can be obtained it — 2) — (2k — 2), with ¢; = > for

i =1,...,0 ando; represents the prime factors @fNevertheless, this decomposition is not viable with
a higher number of prime factors.

To illustrate the decomposition of the total shape tangpats for object symmetry involving rotations,
we use Venn diagrams (Figure 1). We consider two examplesrdfgurations with object symmetry
regarding rotations, with as a prime number and as a composite number with two primeract

4 Example: Rotational symmetry of order 6

Let us consider a two-dimensional symmetric object undgtians witho = 6; k = 2 andc = 1.
Since 6 is a composite number and has two prime factors (2 pnithe8 shape tangent space can be
decomposed into four subspaces of shape variation: on@atdof shape variation symmetric with
respect to rotations of order 6, two subspaces of shapeivar@symmetric relative to rotations of order

6 but symmetric with respect to rotations which order isezithor 3 and one subspace of shape variation
asymmetric relative to any rotations. Also, the shape dsioencorresponding to each subspace can be
obtained following the rationale developed in part 3:

Symmetric component relative to rotations of orde2b:— 2 = 2 AS: Asymmetric component relative
to rotations of order 62(o — 1)k + 2¢ = 20 AS3: Asymmetric component relative to rotations of order
6 but symmetric under rotations of order 3, with= 2: (2¢3k — 2) — (2k — 2) = 4 AS2: Asymmetric
component relative to rotations of order 6 but symmetricaumdtations of order 2, with2 = 3: (2¢2k—

2) — (2k — 2) = 8 Totally asymmetric component relative to any rotatiodsi — AS3 — AS2 =8 To
represent the decomposition of the shape tangent spacedmtplementary subspaces as well as their
associated shape dimension, we use Venn diagrams (Figure 2)
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Figure 1. Venn diagrams showing the subspaces of shape variationbfectosymmetry considering
rotations which order is a prime factor (left), and whicherd a composite number (right). The shaded
portion of the Venn diagrams represents the subspace of syigrehape variation. Sp means symmetric
under rotations which order is a prime number, Sc means syricmmder rotations which order is a
composite number, ASf1 and ASf2 means asymmetric undetiontaof order 6 but symmetric with
respect to rotations which order is one of the two prime factd the composite number.
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Figure 2: Venn diagram showing the subspaces of shape variation aircagsociated shape dimension
for object symmetry involving rotations of order 6, with= 2 andc = 1. The shaded portion of
the Venn diagrams represents the subspace of symmetrie slaajation. S represents the subspace
associated with the symmetric component, AS2 stands fosuhspace associated with the asymmetric
component relative to rotations of order 6 but symmetridwéspect to rotations of order 2 and AS3
stands for the subspace associated with the asymmetricacmnprelative to rotations of order 6 but

symmetric with respect to rotations of order 3.
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