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1 Introduction

There have been some new advances in shape analysis (labelled and unlabelled) and directional
statistics. The real push has come from applications in bioinformatics and images. We consider
a few topics mostly coming from my collaborative work! The topics considered are as follows:

• 3D reconstruction from 2D views (labelled)

• Bayesian hierarchical alignment (unlabelled shape)

• Directional models (unlabelled shape)

Some other shape topics in pattern recognition have been covered in Mardia (2007).

2 3D reconstruction from 2D views

In face recognition, it is important to reconstruct 3-D faces from 2-D multiple views. Various
algorithms are available to solve this problem (see for example Hartley & Zisserman, 2000).
However, there does not seem to be a clearly laid out statistical procedure except that Liu
et al. (2007) and Sugathadasa (2006) have recently given a non-parametric method. Here we
summarise a parametric model (Liuet al., 2008). Letui = (u1i, u2i)

T andvi = (v1i, v2i)
T , i =

1, ..., k bek landmarks for a pair of two images. Define the corresponding non-homogeneous
coordinatesxi = (u1i, u2i, 1)T ,yi = (v1i, v2i, 1)T . Let F (3 × 3) be the “fundamental camera
matrix” which can be written as

F = S(b)A, S(b) =





0 b3 −b2

−b3 0 b1

b2 −b1 0



 (1)

whereb = (b1, b2, b3)
T andA is a3 × 3 non-singular matrix. Note thatS(b) is a3 × 3 skew

symmetric matrix of rank 2. Then it is known that the 3-D coordinates are given by (Hartley &
Zisserman, 2000, pp268-269)

x̂i = P1νi, ŷi = P2νi, (2)

whereP1 = (I3, 0), P2 = (A,b) are “canonical camera matrices” andνi is a 4 × 1 vector,
i = 1, ..., k. We propose the model

xi = ν1i + ǫi, yi = Aν1i + b + ηi, (3)

whereǫi andηi are independentN(0, σ2I), but conditioned underx3 = 1 andy3 = 1, that is
the pdf is proportional to

exp

{

−
1

2σ2
[Σ(xi − ν1i)

T (xi − ν1i) + Σ(yi − Aν1i − bν2i)
T (yi − Aν1i − bν2i)]

}

, (4)
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whereν = (νT
1i, ν

T
2i) is partitioned withν1i : 3×1 andν2i is a scalar. The aim is to estimate the

parametersA,b, ν = 3n + 3 + 9 since3n parameters ofν1i, 9 parameters ofA, 3 parameters
of b; scale is absorbed inb so we can takeν2i = 1. Oncex̂i andŷi are estimated for sayN
pairs, we could now follow Mardia & Patrangenaru (2005) to obtain the mean reconstruction,
etc. Further investigation will appear in Liuet al. (2008).

3 Bayesian hierarchical alignment

Green & Mardia (2006) have proposed a Bayesian alignment method using hierarchical models.
The Green-Mardia algorithm underwent a challenge. A “drug-company” provided us with two
protein structures without giving their alignment. First we had to modify the program to deal
with the large size of protein chains versus the small numberof atoms in active sites. This was
done for the global optimal by replacing lpSolve by linearass (Jonker & Volgenant, 1987).

The Green-Mardia algorithm estimates simultaneously the rigid transformation and the
matching matrix. The solution mainly minimises expected loss function for the cumulative
marginal probabilities of match under the threshold on the ratio K of false positive over the sum
of false negative and false positive. A rule of thumb is used to select K = 0.7 but the solutions
are not sensitive to this value in this case. Some additionalcriteria can be used in selecting a
“consensus solution” from various MCMC runs. These guidelines help in furthering the use of
this algorithm (see Greenet al., 2007).

1. Assess that the final match has a high joint posterior probability allowing for the transfor-
mation and for the match. For a given matching matrix, we can calculate this probability
(see the flow chart).

2. Assess that the RMSD is low among competing solutions withhigh joint posterior prob-
ability.

3. Assess that the solution preserves the sequence orderingbetween matched amino acids of
x and y, i.e. there is no cross-over.

4. Check that the marginal probabilities of the solution of unmatched points with any other
is very low.

Note that there can be small variations among the solutions on different machines. The
graph method of Goldet al. (2002) could in general take very long even for a reasonable
threshold. Partly because the program developed here is mainly for binding sites with a small
number of points in the configurations. In general, we need tocompare our algorithm with
other available software for structural alignment, for example, Bourne Laboratory, University
of California, San Diego - software. This has tools for 3-D comparison and alignment based
on method of Shindyalov & Bourne (1998). The Green-Mardia procedure has been extended
in Ruffieux & Green (2007) for multiple matching. One of the main ideas in extension uses
the following integral formula for integrating out the latent mean configuration. Incidentally,
this formula appeared in Mardia (1964). Letφ(x1, ..., xk) be the p.d.f. of a multivariate normal
population with the mean vectorµ = (µ1, ..., µk)

′ and covariance matrixΣ = (σij), then
∫ +∞

−∞

. . .

∫ +∞

−∞

{

m
∏

j=1

φ(x1 + a1j , . . . , xk + akj)}dx1 . . . dxk

= {(2π)k(m−1)mk|Σ|(m−1)}−
1

2 [exp{−
1

2

m
∑

j=1

(aj − ā)T Σ−1(aj − ā)}],
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Figure 1: Flow chart for Green-Mardia algorithm for Bayesian alignment.
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wherea′

j = (a1j , . . . , akj), j = 1, . . . , m; ā = m−1
∑m

j−1 aj .
Bayesian refinement is another advancement as a procedure torefine rather “cruder” align-

ments (Mardiaet al., 2008).

4 Directional models and protein structure

There has been upsurge in directional statistics (Mardia & Jupp, 2000); some motivated by
bioinformatics.

4.1 Bivariate distributions

Mardia et al. (2007) have used the bivariate cosine distribution for torus for a model based
Ramachandran plot. We could use a bivariate Cauchy distribution for example as a robust
alternative. Let|x| = |y| = 1. Then a bivariate angular Cauchy distribution (Katoet al., 2006)
is given by

f(x, y) =
1

(2π)2

|1 − ϕ2|

|y − β0(x + β1)ϕ/(1 + β̄1x)|2
|1 − |φ|2|

|x − φ|2
, |x| = |y| = 1,

where0 ≤ ϕ < 1, |φ| = 1, |β0| = 1. This has both marginals and conditionals wrapped
Cauchy distributions. Note that there does not exist a bivariate von Mises distribution with both
marginals and both conditionals as von Mises (see, Mardia, 1975). It is interesting that the
above distribution has the same link function as Downs & Mardia (2002) which has provided
a motivation, namely Downs & Mardia (2002) have used the error distribution as a von Mises
while here a wrapped Cauchy. Another circular Cauchy distribution of (θ1, θ2) is given by
(Waine, 2001)

f(x1) =

∫

∞

−∞

f(x1, x2)dx2 =

∫

∞

∞

1

2π

|A|
1

2

(1 + (x − µ)T A(x − µ))
3

2

dx2

whereA is a positive definite matrix.θi = 2 tan−1 xi, i = 1, 2. It has only marginals wrapped
Cauchy.

4.2 The full Fisher-Bingham distribution (FFBD) on a circle

Consider the p.d.f.

const. exp{κ1 cos(θ − µ1) + κ2 cos 2(θ − µ2)}.

This pdf first appeared in Cox (1975). Followed by as a conditional distribution of a cylindri-
cal distribution in Mardia & Sutton (1978). The normalisingconstant was given ‘tangentially’
in Dryden & Mardia (1998)! Since then, Gatto & Jammalamadaka(2007) have generalised the
distribution to contain the Fourier terms up tocos k(θ − µk) in the exponent. They also have
provided the details of when it can be unimodal, bimodal. Using their values, we can provide a
Best-Fisher type efficient algorithm (Best & Fisher, 1979) but it should allow bimodality. For
inference, it may be to use the saddlepoint approximation tothe normalising constant of Kume
& Wood (2005); see Kent & Mardia (2006) for another example. Write the exponent in the pdf
here as

λ1 cos2 θ + λ2 sin2 θ + γ1 cos θ + γ2 sin θ
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whereγi = λiµi, i = 1, 2. Approximation from their eqn (15) for the normalising constant is

ĉ1(λ, γ) = (2π)
1

2 (K
(2)
θ (t))−

1

2 (λ1 − t)−
1

2 (λ2 − t)−
1

2 exp

(

−t +
1

4

(

γ2
1

λ1 − t
+

γ2
2

λ2 − t

))

where

K
(2)
θ (t) =

1

2

(λ1 − t)(λ2 − t)3 + (λ2 − t)(λ1 − t)3 + 2γ2
1(λ2 − t)3 + 2γ2

2(λ1 − t)3

(λ1 − t)3(λ2 − t)3

andt ∈ (−∞, λ1) is the solution of the following quartic

2(λ1 − t)(λ1 − t)2 + 2(λ2 − t)(λ1 − t)2 + γ2
1(λ2 − t)2 + r2

2(λ1 − t)2 − 4(λ1 − t)2(λ2 − t)2 = 0.

4.3 Priors for the concentration parameter of von Mises-Fisher distribu-
tions

Note that the conjugate prior for the mean direction for von Mises-Fisher distributions is stud-
ied in Mardia & El-Atoum (1976); also Green & Mardia (2006) for the Fisher matrix distribu-
tion. Mardia & El-Atoum (1976) also considered non-informative prior. For example, the non-
informative prior for the concentration parameterκ for von MisesV M(0, κ) is{A(κ)}−

1

2 , A(κ) =
I1(κ)/I0(κ).

(a) Let θ beV M(0, κ) whereκ as a random variable (n = 1). Consider the prior forκ with pdf

f(κ) = (α2 − 1)
1

2 I0(κ)e−ακ, α > 1. (5)

Thus the joint posterior for(θ, κ) is f(κ, θ) = (α2 − 1)
1

2 e−ακeκ cos θ. So the marginal pdf
of θ is

f(θ) = (α2 − 1)
1

2

∫

∞

0

e−(α−cos θ)κdk =
(α2 − 1)

1

2

α − cos θ
(6)

which is the wrapped Cauchy! Thus the wrapped Cauchy is the mixture of von Mises
distributions. It is already known that the von Mises is a mixture of wrapped normals
and the wrapped Cauchy is a mixture of wrapped normal!! For the von Mises-Fisher case
(meanµ fixed),

f(x|κ) =
(κ

2

)ν eκµT x

Γ(ν + 1)Iν(κ)
, x : p × 1, |x| = |µ| = 1,

the prior forκ is proposed as

f(κ) = (α2 − 1)
1

2{α + (α2 − 1)
1

2}ν e−ακIν(κ). (7)

The marginal posterior pdf ofx is given by

f(x) = 2ν(α2 − 1){α + (α2 − 1)
1

2}ν/(α − µT x)ν+1, α > 1. (8)

which is a new directional distribution.
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(b) For sample sizen, the full likelihood is proportional to{I0(κ)}−neκC for given µ where
C = Σ cos θi. Thus a conjugate prior forκ can be taken as

const{I0(κ)}β e−ακ. (9)

For this case, the normalising constant is complicated evenfor β = 2 (β = 1 is treated
above). However, the posterior distribution ofκ is

const{I0(κ)}β−n e−κ(α−C). (10)

Hence the posterior mode is given by

A(κ̂) = (C − α)/(n − β). (11)

Forα = 0, β = 0, we haveA(κ̂) = C̄ as expected. Further, if we have the uniform prior
for µ then (11) forV M(µ, κ) becomes

A(κ̂) = (R − α)/(n − β), (12)

whereR is the resultant length. This prior proved to be superior to other priors in the
development of a probabilistic model of RNA structure (Moltkeet al. 2007).

Figure 2: Crystal structure (black) compared to a representative sample from the TorusHMM
model (gray). The representative was chosen among 50 samples (threads in the background)
as the sample with closest average RMSD to all others. The image was generated by Wouter
Boomsma using PyMol (DeLano, 2002).
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5 Modeling local protein structure

Various experiments have been undertaken by the team in Copenhagen and Leeds using a com-
bination of directional statistics and graphical models tosimulate the local structure of proteins
(Hamelrycket al., 2006; Boomsmaet al., 2006).

A hidden Markov model with multivariate von Mises emissions(TorusHMM), was used to
model the angular preferences of the protein backbone. Simulating from such a model produces
structures that are correct on a local scale, but not necessarily compact on a global scale. This
makes the model useful as a proposal distribution, for example, in protein structure prediction
methods, where the proposals can be accepted and rejected using an energy function.

Initial experiments were done to assess the model’s abilityto capture the correlation be-
tween amino acid (sequence) information and structure. As atest set, we used a library of
protein fragments that have previously been found to have very well defined sequence-structure
correspondence (Bystroff & Baker, 1998). Using sequence information as input, we simulated
from our model to verify that the local structure in our samples resembles the real structure.
Preliminary results look very promising. An example is presented in Figure 2, demonstrating
the resemblance of the crystal structure (black) to a representative structure (gray) picked from
50 samples (background). Clearly, the model captures the sequential geometry along the protein
backbone, correctly identifying the coil and helix regions.
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