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1 Introduction

Consider a configuration ofk points or landmarks inRm, represented as ak × m matrix X0.
For many purposes, it is not the configuration ofX0 which is of importance but itsshape, that
is, its equivalence class under an appropriate group of transformations. One important type of
shape isprojective shape. Let X = [1k, X0] be ak × p matrix, wherep = m + 1, containing
the landmark positions in homogeneous coordinates. In the theory of projective shape we treat

X ≡ DXB, (1)

for all (k × k) diagonal matricesD = diag(di) with di 6= 0, and for all nonsingular(p × p)
matricesB. Without loss of generality the scaling of one of the matricesD or B can be fixed,
e.g. by requiring det(B) = 1. The wide range of transformations provided byB makes it
difficult to assess visually when two configurations have thesame or a similar projective shape.
Hence we look for standardised methods of representing projective shapes in order to bring out
this information more explicitly.

Whenm = 1 or 2, we can think of projective shape in terms of the information recorded on
film by a camera inm+1 dimensions. The matrixB encodes information about the focal point
of the camera and the orientation and location of the film, andthe matrixD encodes the property
that all we can see on the film are the (projected) positions ofthe landmarks, but not how far
they are from the film. Projective shape consists of the information about the configuration
invariant to the choice of camera and film position. It is an important tool in machine vision for
identifying common features in images of the same scene taken from different camera angles.
For further details about projective shape, see e.g. Faugeras & Luong (2001) and Hartley &
Zisserman (2000).

PartitionX in terms of its rows asX =
[

x1 . . . xk

]T
, wherexj(p× 1) represents thejth

row (as a column vector). In Kent & Mardia (2006) it was shown that, provided the rank ofX
equalsp, it is possible to choose a member of this equivalence class such that

x
T
j xj = 1, j = 1, . . . , k,

XT X =
k

p
Ip.

(2)

Thus the rows ofX are unitp-vectors and the columns of(p/k)1/2X are orthonormalk-vectors.
This standardised representation is unique up to (a) changing the sign of each row ofX and (b)
postmultiplication by ap × p orthogonal matrix. Hence, this representation can be viewed as a
projective pre-shape, an analogue of the more commonsimilarity pre-shape in similarity shape
analysis.

A key methodology for the study of similarity shapes is Procrustes analysis, and in this
paper an analogous methodology will be developed for projective shapes. This methodology
will be illustrated for the case of 4 collinear points,k = 4, p = 2.
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2 Procrustes analysis

One of the main goals of Procrustes analysis is to develop a suitable distance between shapes.
One of the principal methods to do this is to embed the shape space in some Euclidean space.
An embedding is a mappingf , say, which maps standardised configurations satisfying (2) to a
Euclidean space, such that

(a) if X1 andX2 have the same projective shape, thenf(X1) = f(X2), and

(b) if X1 andX2 have different projective shapes, thenf(X1) 6= f(X2).

In this section we shall propose two potential embeddings for projective shape space.
The projective shape of a standardised configurationX in (2) is invariant under possible

changes in sign for each row and under multiplication on the right by an orthogonal matrix.
Thus an embedding ofX needs to be invariant to these choices. To carry out this task, we carry
out the following steps.

(1) For1 ≤ j1, j2 ≤ k, let
rj1j2 = x

T
j1
xj2

denote the inner product between rowsj1 and j2 of X. Clearly, rj1j2 is invariant to
orthogonal transformations, but is not invariant under sign changes of the rows ofX.

(2) Define ak × k matrixS with entries

sj1j2 = r2

j1j2
.

ThenS = S(X) is our first attempt at an embedding. In particular,S(X) is invariant
under sign changes of the rows ofX.

(3) Next define a 3-wayk × k × k arrayQ with entries

qj1j2j3 = rj1j2rj2j3rj3j1 .

ThenQ = Q(X) is our second attempt at an embedding. NoteQ(X) is also invariant
under sign changes of the rows ofX.

Once we have an embedding we can define an average shape for a collection of standardised
configurations{Xi}

n
1

by setting

X̂ = arg min||S(X) − S||2, or X̂ = arg min||Q(X) − Q||2,

over standardised configurationsX, where|| · || denotes Euclidean distance, and whereS =
∑

Si/n andQ =
∑

Qi/n.
A natural question is why we need to consider two possible embeddings, especially whenQ

seems more complicated thanS. The answer is as follows.

(a) In general it can be shown thatQ defines an embedding.

(b) However, it is not yet clear whether in general the simpler mappingS also defines an
embedding.

(c) For the special casek = 4, p = 2, it can be shown thatS andQ contain the same
information, so thatS defines an embedding in this case.
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3 The cross-ratio case

Consider the case ofk = 4 collinear points withp = 2. Following Kent & Mardia (2006), a
standardised configuration for projective shape can be written in the form

X =









−s c
c s
1 0
0 1









wheres = sin(δ), c = cos(δ), 0 < δ < π/2, after a possible re-ordering of the landmarks. One
version of the cross-ratio in this case isτ = sin2 δ.

The matrixS takes the form

S =









1 0 s2 c2

0 1 c2 s2

s2 c2 1 0
c2 s2 0 1









.

When a set of configurations has a common ordering (that is, the zeroes inS appear in
the same place), the average shape is easy to define explicitly. Given data with anglesδi, i =
1, . . . , n, the average projective shape has an angleδ̂ defined by

sin2 δ̂ =
1

n

n
∑

i=1

sin2 δi.

In this setting it turns out that using the embeddingQ leads to the same definition of an average
projective shape asS.

4 Example

Table 1 lists the coordinates for 4 collinear points on a building as seen in a set of images from
5 different views (Mardia & Patrangenaru, 2005). The cross-ratio (under the ordering 1324 of
the landmarks) and the angleδ are also listed.

Table 1. Horizontal coordinates of collinear points on an Educational Building at 5 different
views.

View x1 x2 x3 x4 τ δ
1 22.90 35.7 48.3 61.10 0.340 35.7o

2 23.10 29.1 35.5 42.50 0.338 35.6o

3 41.40 44.3 47.3 50.70 0.353 36.5o

4 39.00 47.0 53.9 60.00 0.337 35.5o

5 42.25 46.9 50.5 53.85 0.373 37.6o

The average of theτi = sin2 δi, i = 1, . . . , n equals .348 corresponding to an estimate
δ̂ = 36.2o .
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5 Future work

Existing statistical work on projective shapes has been mainly based on either projective invari-
ants or on a standardisation ofX analogous to Bookstein coordinates for similarity shape (Mar-
dia & Patrangenaru, 2005). In the settingm = 1, this standardisation amounts to transforming
the first three rows ofX to become axes through(1, 0), (0, 1), (1, 1), respectively. Then each
of the remaining landmarks becomes an arbitrary axis. However, the resulting analysis depends
on which 3 landmarks are chosen for the registration.

There is also the method of Plücker coordinates, which does not require any standardisation
of the configuration, but looks at certain ratios of productsof p × p determinants such that the
ratios are invariant. The disadvantage of this approach is that the resulting ratios can span the
whole extended real line, hence making metric comparisons difficult.

The construction given here treats all the landmarks equally and forms the basis of a Procrustes-
type methodology for projective shape analysis. The next step is to look more deeply at this
construction, in particular to investigate tangent-basedapproximations for small-scale changes
in shape and to look at configurations involving more thank = 4 landmarks or more thanp = 2
dimensions.
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