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1 Introduction

Classical multiple comparison procedures aim at controlling the probability of committing even
a single type-I error within the tested family of hypotheses. The main problem with such pro-
cedures is that they tend to have little power. In many instances, lack of multiplicity control
is too permissive and the full protection resulting from controlling the FWE is too restrictive.
To handle this problem the FDR methodology was proposed to control the proportion of type I
errors among all rejected null hypotheses (Benjamini and Hochberg, 1995).

A reliable estimation of the proportion of the true null hypotheses (π0) is important when we
want to asses or control multiple error rates, such as FDR. In addition, the parameter π0 is a
quantity of interest in its own right (Langaas, Lindqvist, and Ferkingstad, 2005), for example
it can be used to estimate the proportion of genes that are not differentially expressed in a
microarray experiment, image analysis, or source detection in astrophysics.

Most of the methodologies to asses or control FDR rely on the assumption that the p-values
have been observed. However, when the asymptotic theory that predicts the shape of the null
distribution does not hold, this assumption is not realistic. Cox and Wong (2004) propose to
use the information that multiple hypothesis testing is reporting us to obtain this distribution by
fitting a mixture of two normal distributions by maximum likelihood or the method of moments
to the values of the test statistic. The aim of this work is to extend the methodology of moments
in this area. We present a non-parametric method to estimate π0 and the first moments of the
null and alternative distribution with the only simple assumption that the first j moments of
these distributions are finite and the expectation of the null distribution is known. Numerical
simulations show the accuracy of the method and its comparison with Cox and Wong’s method.

2 The method

Let Ti, i = 1, . . . , m, be test statistics for testing null hypotheses, H0,i based on observable
random variables. Assume that H0,i is true with probability π0 and false with probability (1−π0)
and that T follows a density function f0(T ) under H0,i and f1(T) if H0,i is false. The density
function of T , g(T ), can be written as a mixture model

g(T ) = π0f0(T ) + (1 − π0)f1(T ). (2.1)

If the aim of the study is to make inference about π0 and the moments of the distributions f0(T )
and f1(T ), then model (1) can be used to obtain a system of equations relating the moments of
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g(T ) with functions of the moments of f0(T ) and f1(T ).

Define dj, j = 1, 2 . . ., as

dj = π0cj,f1(T ) + (1 − π0)cj,f1(T ),

where cj,γ(T ) is the central moment of order j for the distribution γ(T ). Using the Newton’s
binomial, cj,γ(T ) can be represented by a function involving the first j raw moments µj,γ(T ) as

cj,γ(T ) =

j
∑

k=0

(

j

k

)

(

−µ1,γ(T )

)k
(µj−k,γ(T )).

Therefore dj can be reexpressed as:

dj = λj + µj,g(T ) − jπ0µj−1,f0(T )µ1,f0(T ) − j(1 − π0)µj−1,f1(T )µ1,f1(T ), (2.2)

where

λj = π0

j
∑

k=2

(

j

k

)

(

−µ1,f0(T )

)k
(µj−k,f0(T )) + (1 − π0)

j
∑

k=2

(

j

k

)

(

−µ1,f1(T )

)k
(µj−k,f1(T )).

Because for j = 1, 2, . . .

π0µj,f0(T ) + (1 − π0)µj,f1(T ) = µj,g(T )

the system of equations obtained from (2) for j = 2, 3, . . . can be solved for parameters of
interest giving:

π0 =
d2 + µ2

1,g(T ) − µ2,g(T )

d2 − µ2
1,f0(T ) + 2µ1,g(T )µ1,f0(T ) − µ2,g(T )

(2.3)

µ1,f1(T ) =
d2 + µ1,g(T )µ1,f0(T ) − µ2,g(T )

µ1,f0(T ) − µ1,g(T )

µj−1,f1(T ) = −

dj − λj − µj,g(T ) + jµj−1,g(T )µ1,f0(T )

j(π0 − 1)(µ1,f0(T ) − µ1,f1(T ))

µj−1,f0(T ) = −

dj − λj − µj,g(T ) + jµj−1,g(T )µ1,f1(T )

jπ0(µ1,f0(T ) − µ1,f1(T ))

With the assumption that µ1,f0(T ) is known, different strategies to construct the estimators can
be used. In this work we will construct the estimators of these ratios, with the simple method
of plugging-in the estimators for each parameter in the formulae above.
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3 Numerical Simulations

The properties of the estimators described in section 2 can be studied analytically by taking
Taylor series of the ratios in (3). In this paper, however, we report only partial results of a
simulation study done for the situation in which we consider just the problem of estimating
π0 and µ1,f1(T ) in a multiple hypotheses testing situation where it is desired to test m = 1000
hypotheses regarding m observed samples (xij, i = 1, . . . , m, j = 1, . . . , n) of equal size n. We
consider hypotheses saying that the expected value of the observed random variable is equal to
0, and the test statistic Ti = x̄i, the mean of observations. Estimators π̂0 and µ̂1,f1(T ) were
constructed as explained in section 2, taking as d̂2 the mean of the estimated variances of Ti’s,
namely

d̂2 =

∑m

i=1

∑n

j=1 (xij − x̄i)
2

mn2

Table 1 shows the mean value and the standard deviation of π̂0 and µ̂1,f1(T ) over 1000 simula-
tions for the method described in section 2 in comparison with the method of Cox and Wong
(2004). We generated mπ0 samples from a N(0,

√

5) and m(1 − π0) from a N(µ, 2
√

5), all of
them with sample size n = 5. Different values for π0 and µ1,f1(T ) were used as it is indicated in
Table 1. Other cases were simulated but results are not shown here. In the simulations consid-
ered in Table 1, both methods underestimate (1 − π0). The bias of the estimators is reduced as
µ1,f1(T ) - µ1,f0(T ) increases.

Figure 1: Bias and standard deviations of π0 over 1000 simulations for different sample sizes.

In other part of the simulations we studied the bias (Fig. 1a) and the standard deviation (Fig.
1b) for π̂0 regarding different values of n and π0. We generated mπ0 samples from a N(0, 0.5)
and m(1− π0) from a N(0.6, 1) with equal sample size n. The figures suggest that the bias and
standard deviation of π̂0 decreases with increasing sample size n and increasing proportion of
true null hypotheses π0.

4 Discussion

The method presented in this paper generalizes the results of Cox and Wong (2004), since
any moment of f0(T ) and f1(T ) can be estimated. It also improves their results, since the
assumption that the variances of µ1,f1(T ) and µ1,f0(T ) are equal to 1 is not any more necessary.
It is noted that under this assumption d2 is equal to 1 for any value of π0, so the main difference
between this two methodologies is that Cox and Wong (2004) assume d2 = 1 and in this paper
we estimate this value.
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Table 1: Mean of estimates and standard deviations of (1 − π0) and µ1,f1(T ) over 1000 simula-
tions for various values true values of parameters.

̂(1 − π0) σ �

(1−π0)
µ̂1,f1(T ) σ �

µ1,f1(T )

(1 − π0) µ1,f1(T ) S2a CWb S2 a CWb S2a CWb S2a CWb

0.1 1 0.03 0.05 0.38 0.24 5.45 6.93 52.60 11.90
2 0.07 0.06 0.05 0.05 4.17 4.10 9.48 7.47
3 0.08 0.15 0.03 0.03 4.07 4.12 1.39 1.19

0.2 1 0.10 0.06 0.21 0.04 5.08 6.54 99.52 25.72
2 0.15 0.12 0.05 0.04 2.18 3.58 0.77 0.86
3 0.17 0.15 0.04 0.03 3.54 3.98 0.60 0.57

0.3 1 0.18 0.08 0.73 0.04 2.21 4.33 5.25 7.36
2 0.23 0.17 0.06 0.04 2.60 3.51 0.54 0.54
3 0.26 0.22 0.04 0.03 3.40 3.99 0.41 0.41

aResults obtained by the method described in this paper, section 2.
bResults obtained by the method of Cox and Wong (2004).

In the particular example given in section 2, it was not difficult to construct d̂2 due to the
simplicity of the test statistic used. When more complicated functions of sample moments are
used as the test statistic, the j− th central moment for each Ti can be obtained using k-statistics
if there is not ratios involved. When ratios are involved, it will be more complicated to estimate
these central moments but some approximation can be used, as for example taking Taylor series
to eliminate any ratio and apply k-statistics to this approximation. A general form can be to
estimate this central moments with some bootstrap method.

The final aim of this work is not only to estimate π0 and the different moments, but to estimate
the shape of f0(T ) and f1(T ) in order to get the p-values associated with each Ti. We are going
to search for methods proper to achieve this objective.

Usually multiple hypothesis testing is seen as a problem, but it is our belief that we can take
some advantages from this situation. In this paper we show a preliminary methodology to
obtain information about π0, f0(T ) and f1(T ) with the only assumption that the mean of f0(T )
is known. Numerical simulations suggest that the estimators have good properties even with a
low sample size where the asymptotic theory can not predict the shape of f0(T ) and f1(T ), if
the number of tests is large enough.
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