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1 Introduction

The analysis of a stationary spatial-temporal process can be carried out at least three ways.
First it can be analysed in the observation domain. In other words, the space-time covariance
function is analysed. Secondly, it can be analysed in the frequency domain, where the spectral
representation of the process and the spectral density function are natural tools for considering
the frequency properties of the process. The relationship between the covariance function and
the spectral density function provides a link between the observation domain and the frequency
domain analyses. Finally, a spatial temporal process can be analysed based on a “half-spectral”
representation, which is the aim of this paper. This representation is useful in practice when
we have long records of time series data at a modest number of scattered spatial locations. In
this method an intermediate complex-valued function is introduced which can interpreted as the
coherence between the frequency components of time series at different spatial lags. Finally,
we present a new representation for space-time models which is more general and flexible than
other recently presented space-time models.

2 Cressie and Huang representation

Cressie and Huang (1999) presented a method of constructing stationary covariance functions
based on a half-spectral representation. First let us set up notation as follows. Let z(s, t) be a
real-valued stationary spatial-temporal process defined on R

d × R, where s and t are space and
time variables respectively. Consider a stationary spatial-temporal covariance function C(h, u),
where h and u are space and time lags. Assume that C is continuous and its spectral distri-
bution function possesses a spectral density f(ω, τ) ≥ 0, where ω and τ are space and time
frequencies. By Bochner’s theorem

C(h, u) =

∫ ∫

ei(h· � +uτ)f(ω, τ)dωdτ, (h, u) ∈ R
d × R. (2.1)

It is also of interest to define a “ half-Fourier transform” of f(ω, τ)

H(h, τ) =

∫

eih·
�

f(ω, τ)dω. (2.2)

Under the assumption of integrability of C (which we assume everywhere for simplicity), we
can also define H(h, τ) by

H(h, τ) = (2π)−1

∫

e−iuτC(h, u)du. (2.3)
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Note that for fixed spatial lag h, H(h, τ) can be interpreted as the cross-spectral density function
of the two time series z(s, t) and z(s+h, t). The normalized cross-spectral density (coherence)
function is defined by

ρ(h, τ) =
H(h, τ)

H(0, τ)
=

H(h, τ)

k(τ)
, say.

Hence H(h, τ) = ρ(h, τ)k(τ), where the following two conditions are satisfied.

(a) For each τ ∈ R , ρ(., τ) is a continuous complex spatial autocorrelation function, with
∫

ρ(h, τ)dh < ∞.

(b) k(τ) > 0 is the even spectral density of a purely temporal process, with
∫

k(τ)dτ < ∞.

The following Bochner-type theorem of Cressie and Huang characterizes the form of H(h, τ).

Theorem 2.1. Suppose that C is a continuous, real-valued, bounded, integrable function on
R

d × R and let H(h, τ) be defined by (2.3). Then C is a stationary covariance function if and
only if H(h, τ) is complex positive definite in h for all τ ∈ R and H(h, τ) = H(−h, τ).

Instead of modeling the space-time covariance function directly, Cressie and Huang started with
H(h, τ). Here are some special cases.

(1) A covariance function is fully symmetric if C(h, u) = C(±h,±u) for all h and u, which
is true if and only if H(h, τ) is real-valued. All the examples given by Cressie and
Huang have real-valued H(h, τ), and hence give fully symmetric covariance functions.
Furthermore in this case H(h, τ) is symmetric about the origin in R

d and therefore

C(h, u) =

∫

cos(uτ)H(h, τ)dτ.

(2) Say that C is a separable covariance function if we can write C(h, u) = C1(h)C2(u),
where C1 is a positive definite function on R

d, and C2(u) is a positive definite function
on R. Thus H(h, τ) is the product of a function of τ and a function of h,

H(h, τ) = (2π)−1

∫

e−iuτC(h, u)du = (2π)−1

∫

e−iuτC1(h)C2(u)du = C1(h)k1(τ),

where k1(τ) is an integrable and positive function and C1 is an integrable covariance func-
tion of h. Hence ρ(h, τ) = C1(h) and thus is independent of the temporal frequency τ .
This property is used to test separability by studying if ρ(h, τ) depends on the frequency
τ . Only very limited sort of coherence occurs in the case of separability.

3 Stein’s model

Cressie and Huang’s approach is powerful and flexible but leaves the choice of H(h, τ) too
open-ended for statistical purposes. In the following theorem Stein (2004) provides a certain
structure for H(h, τ) and consequently for C(h, u) which is very useful in practice.
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Theorem 3.1. Let H(h, τ) = k(τ)C0(|h|γ(τ))eiθ(τ)v·h where C0 is a real-valued positive defi-
nite function on R

d, γ a nonnegative even function on R, θ an odd function on R and k an even
nonnegative integrable function on R. Then under mild regularity conditions H(h, τ) satisfies
assumptions of theorem 2.1 and C is a stationary covariance function.

The model is described in term of a spatial covariance function C0 a spectral density k(τ)
describing the temporal spectrum for the process at any single site, and a cross-spectral function
describing the spectral coherence

coh(h, τ) = ρ(h, τ) =
H(h, τ)

H(0, τ)
=

C0(|h|γ(τ))

C0(0)
eiθ(τ)v·h,

which is a complex valued function of spatial lag h and temporal frequency τ . Note that the
location shift θ(τ) is related to the angle of the coherence coh(h, τ), and the scale shift γ(τ) is
related to the magnitude of the coherence. Here the unit vector v effectively specifies a direction
for the space-time asymmetry. Assuming this direction does not depend on τ is obviously a
restriction. We often want the coherence to decrease monotonically to 0 as spatial lag increases
at all frequencies, which is easy to guarantee by taking C0 to be monotonically decreasing. If
θ(τ) = 0, then the coherence, coh(h, τ) will be real-valued and thus H(h, τ) is real-valued
too; hence the resulting spatial temporal covariance function is fully symmetric. Furthermore,
if θ(τ) = 0 and γ(τ) does not depend on τ , then the process is separable. Note also that if
we start with a spectral density g(ω) of the covariance function C0(h), then using some simple

Fourier transform rules, k(τ)
γ(τ)

g
(

�
−θ(τ)v
γ(τ)

)

will be the spectral density function of H(h, τ) =

k(τ)C0(|h|γ(τ))eiθ(τ)v·h.

4 New representation of asymmetric space-time models

The following theorem provides a simple method for generating new families of asymmetric
spatial-temporal covariance functions, which is more general than Cressie and Huang’s repre-
sentation.

Theorem 4.1. If ρ1(h, τ) is a complex stationary spatial covariance function on R
d for every

τ ∈ R and ρ2(u, τ) is a complex stationary temporal covariance function on R for every τ ∈
R and k(τ) ≥ 0 is an even function on R, then under mild measurability and integrability
conditions,

C(h, u) =

∫

k(τ)ρ1(h, τ)ρ2(u, τ)dτ, (h, u) ∈ R
d × R

is an asymmetric stationary spatial-temporal covariance function on R
d × R.

Note that this model has some interesting properties.

(1) Cressie and Huang’s theorem is a special case of this theorem. To see this let
ρ2(u, τ) = eiuτ , which is the covariance function of a simple complex time series
z(t) = Zeitτ , Z ∼ CN(0, 1).

(2) Under this model C is a mixture of separable covariance functions.
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(3) If ρ1(h, τ) or ρ2(u, τ) is independent of τ , then C(h, u) will be a separable covariance
function.

(4) If ρ1(h, τ) or ρ2(u, τ) is real-valued, then C(h, u) will be a fully symmetric covariance
function.

(5) Similarly to Stein’s model, if we assume ρ1(h, τ) = C1(|h|γ1(τ))eiθ1(τ)v1 ·h and
ρ2(u, τ) = C2(uγ2(τ))eiθ2(τ)v2u, then we obtain a new structured model

C(h, u) =

∫

k(τ)C1(|h|γ1(τ))C2(uγ2(τ))eiθ1(τ)v1·h+iθ2(τ)v2udτ.

Here v1 and v2 are directions of asymmetry caused by spatial and temporal lags, respec-
tively. In this model there are three types of coherence: spatial, temporal and spatial-
temporal.

Work is in progress on the fundamental properties of these models and on the application of
these models to real data.
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