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1 Introduction

Many modern imaging applications involve dynamic or video images, in which the features of
interest are local in space and appear only briefly in time. Most current image analysis algo-
rithms, however, tend to over-smooth such transient features, which are consequently poorly
estimated or even lost altogether. The problem is particularly acute for non-invasive environ-
ments, which produce indirect data, and which are crucial for advances in areas such as brain
imaging. Medical imaging of the brain provides measurements only around the head. The
inverse problem consists in using these indirect outer data which cumulate activity around or
across the target to recover the inner neural activity. The data are highly complex and display
both spatial and temporal correlation as well as substantial noise from different sources.

The goal is to develop image analysis methods, designed specifically to detect local changes
by smoothing spatio-temporal indirect measurements from non-invasive environments. The
methods are nonparametric and nonlinear, and use a Bayesian spatio-temporal Laplace ( ��� )
Markov random field prior distribution to model the local dependencies. For a given noise
distribution of the measurements, the image is obtained by maximizing the posterior probability
of the image. This results in a high-dimensional non-differentiable optimization problem, for
which new approaches are needed. The selection of the smoothing parameters is a further
crucial issue that must be addressed to make the method fully automatic.

2 Laplace Markov random field smoother

Nonparametric linear estimators such as smoothing splines (Green and Silverman 1994) for
direct measurements are known to have good rates of convergence in Sobolev spaces, which
contain smooth functions for which existence of a second derivative is often assumed, but to be
suboptimal in Besov spaces or bounded variation function classes which may show more erratic
behavior. The latter class is of interest to us, as it allows the physical phenomena under study to
exhibit peaks, discontinuities, bumps, and other features characteristic of bursts of energy in a
tokamak or a neural electric discharge during an epileptic seizure. Nonlinear wavelet smoothers
(Donoho and Johstone 1994) have better rates of convergence than linear smoothers and have
proven to be useful in applications with erratic functions. A related nonlinear estimator is the
local adaptive regression estimator based on total variation.

All these estimators have been developed for direct spatial measurements. Candes and
Donoho (2002) attempt to generalize nonlinear wavelet smoothers to indirect data arising from
spatial inverse problems, but the resulting estimators are unstable, do not model temporal
changes, and are restricted to Gaussian noise. They give some interesting theoretical results,
however: linear estimators such as the regularized singular value decomposition have the same
non-locally adaptive drawbacks as in the direct measurement set-up. To avoid these difficulties
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we propose to generalize the Laplace Markov random field nonlinear estimator of Sardy and
Tseng (2004) to deal with indirect measurements and to model changes over time.

Previous research relevant to the work on Laplace Markov random field nonparametric spa-
tial smoothers of direct measurements is Sardy and Tseng (2004). It is based on the idea that the
image ��� ��� ���	�	�
�
� ����

to be recovered from the data is the realization of a Markov random
field, which, for a Laplace prior, has a joint log-density of the form
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where * � indexes those pixels in a neighborhood of
� � . The Markov random field constraint

between neighboring pixels provides spatial structure, while the � � loss $
� � � � � $ allows for

sudden jumps or bursts which constitute local features of the signal. This makes the setting
much more promising for detection of such features than does use of the more common �,+ loss��� � � � �  + , which by over-penalising large differences

� � � � � tends to lead to over-smoothing
of the underlying image. Sardy and Tseng (2004) broaden Markov random field methods pi-
oneered by Besag (1986) and Geman and Geman (1984) by allowing nondifferentiable priors
such as the Laplace-based prior. The Laplace Markov random field is also closely connected to
total variation regularization.

Sardy and Tseng (2004) propose and prove convergence of efficient primal and dual block
coordinate relaxation algorithms to find the maximum a posteriori solution for the direct prob-
lem. This entails solving a high-dimensional, non-differentiable and constrained optimization
problem. They also propose methods for the automatic selection of the smoothing parameters,
by empirical Bayes, by two-fold cross validation, and through a universal rule.

3 Brain imaging

The non-invasive three-dimensional reconstruction of the generators of the brain’s electromag-
netic activity measured at the scalp has been termed brain electromagnetic tomography (BET).
Like anatomical (MRI) and functional tomographies (PET, SPECT, fMRI), the construction of
a brain electromagnetic tomography requires the solution of a linear inverse problem. However,
this problem has no unique solution and thus additional independent information about the gen-
erators must be included in order to impose uniqueness. Despite this serious difficulty, research
in this field continues very actively because of its great clinical and research importance (Gon-
zalez Andino et al 1999).

Reliable electromagnetic three-dimensional tomography is at present the only way to study
a direct reflection of neuronal activity in human subjects with the temporal resolution required
to trace the dynamic behavior of the human brain. In contrast to other techniques, electrically
reconstructed tomographic images are directly linked to neuronal processes. Because of their
high temporal resolution, these images provide information about the short time lived neuronal
networks functioning on specific frequency bands subserving cognitive and sensory events.

Among the approaches that have been undertaken to solve the inverse problem associated
with BET are those based on the general theory developed for linear underdetermined inverse
problems. Here underdetermined means that the number of available measurements is smaller
than the number of brain sites where the activity is to be estimated. Solutions to these prob-
lems are normally stated in terms of a so-called regularization operator (Tikhonov 1963) which
provides the required uniqueness and stability of the solution. So far the solutions proposed for
the BET inverse problem have mainly entailed the use of quadratic or �-+ norm-based regular-
ization operators, ensuring linearity between the data and the estimates. Such linear methods
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offer a limited capability to include prior information but, as mentioned in Section 2, tend to
oversmooth. Regularization operators yielding nonlinear relationships between the data and the
estimates have rarely been used.

The problem can be described as follows. At each time � , we observe � � ��� ���	�
�	�'� ��� ��
,

where � is the number of captors, which are the noisy measurements of 	 � � � 	 � �
�	�	�
�
	 ����
.

At time � , the inner scene � � of interest (e.g. the brain neural activity) is linearly linked to	 � through the known constant linear transformation 	 � ��� � � , which is chosen to model the
physical phenomenon; the matrix � is often called the forward gain operator; for direct data �
equals the identity matrix. The number of columns  in the matrix � is the spatial resolution
of � � and is determined by the imaging set-up. Whether � �� or � �� has important
implications, as in the latter case the estimator might not be uniquely defined. The object � �
has a spatial structure that will be modeled as a realization of a Markov random field. A further
complication is that the entire data set ��	 ����� � ��������� � � has a temporal dimension, where � is the
temporal resolution. Based on these measurements, our goal is to reconstruct the corresponding
sequence of images ��� ����� � ��������� � � , using the physical linear relation 	 ��� � and taking account
of the noisy relationship between ��� ��� and 	 � .

Modeling the spatial and temporal structures as a realization of a spatio-temporal Laplace
Markov random field and applying Bayes’ theorem leads to the log posterior density� ��� � � � � $ �
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where � is the likelihood of the noise distribution of the captors, � is the gain operator, � �
is the spatial smoothing parameter and � + is the temporal smoothing parameter. Maximizing
the posterior distribution over � � �	�	�
�
� �$� leads to the maximum a posteriori Markov random
field � � inversed denoised video of the inner activity. Maximizing the high-dimensional &%'�
and nondifferentiable ( � � prior) posterior distribution for given temporal and spatial smoothing
parameters � � and � + is a major computational challenge. For instance, the number of captors� is of the order of a few hundreds (say � �)(+*,* ), the spatial resolution  is of the order of
a thousand (say  �.-/*,*,* ), and the time resolution is of the order the microsecond (say 01�%�2 *+3 � ), leading to a data set of dimension 4 � 2 *,5  and an optimization problem of dimension4 � 2 * �76  for a minute of data recording. Dual relaxation methods (Sardy and Tseng 2004) can
be employed to optimize the penalized likelihood for given smoothing parameters.

4 Conclusions

Laplace Markov random field modeling of the brain allows the detection of local spatial or tem-
poral features otherwise oversmoothed by linear estimators, and the development of simple and
easy–to–implement dual relaxation algorithms that are efficient for solving high-dimensional,
non–differentiable and constrained penalized likelihood problems. Such nonlinear smoothers
are useful to solve inverse problems in applications where the phenomenon of interest exhibits
nonsmooth features.
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