
Stationary sets
EXERCISES I

1. Prove the equivalence of the following:
(i) AC: Any family of non-empty sets has a choice function.
(ii) WOT: Any set can be well-ordered.
(iii) ZL: Any partially ordered set in which every chain has an upper bound

has a maximal element.
(iv) KL: Every chain in a partially ordered set is contained in a maximal

chain.
(v) CARD: Every infinite cardinal is equal to ℵα for some α.
(vi) CC: For any two cardinals a and b, a ≤ b or b ≤ a.
(vii) IM: For any infinite cardinal m, m2 = m.

2. Prove that, assuming ZFC, Vω+ω is a model of Zermelo set theory (in
which separation substitutes replacement) + AC.

3. Show that the following functions are normal, and find all their fixed
points:

(i) f(α) = 1 + α, or more generally, for any fixed β, fβ(α) = β + α,
(ii) g(α) = 2.α, or more generally, for any fixed β > 1, gβ(α) = β.α,
(iii) h(α) = 2α, or more generally, for any fixed β > 1, hβ(α) = βα.

Show that the least fixed point of h is ε0 (this is an important proof-theoretic
ordinal, and in an appropriate sense, measures the consistency strength of
Peano arithmetic; specifically, for ordinals α < ε0, one can make sense in PA
of, and prove transfinite induction up to α, but this is impossible in PA for
transfinite induction up to ε0).

4. Let ≺ stand for ‘elementary substructure’. Show that if Vα ≺ Vβ, then
α must be a strong limit ordinal, and both Vα and Vβ must be models of ZFC.
(Hint; first show that α is a limit ordinal; next that it is a strong limit: if not,
let f : P(δ) → α be onto, where δ < α. Then there’s a set which well-orders
P(δ) in type α; show this lies in Vδ+4.)

5. Show that if α is strongly inaccessible, then there is β < α such that
Vβ ≺ Vα.

6. Show that if κ is Mahlo, then Vκ is a model of ZFC + axiom F. Show
that the converse of this is not true.


