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Abstract. We classify countable metrically homogeneous graphs
of diameter 3.
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Introduction
A connected graph is metrically homogeneous if it is homogeneous when
considered as a metric space in the graph metric. This terminology applies
also to disconnected graphs, if we allow the distance ∞, in which case it
means that each connected component is metrically homogeneous in the
strict sense, and the connected components are isomorphic. In the present
paper, all graphs considered are countable (possibly finite).
We give a full classification of the metrically homogeneous graphs of diameter 3. In diameter at most 2, the metrically homogeneous graphs are simply
the homogeneous graphs, classified by Lachlan and Woodrow [LW80] by a
subtle inductive argument. The argument in diameter 3 is actually much
more direct than the argument in diameter 2, apart from the fact that the
classification in diameter 2 is used in the treatment of the diameter 3 case.
We prove a number of results in a form not limited to the case δ = 3, at
the cost of some additional work. The question of course is whether one can
give a full classification without restricting the diameter, and this remains
to be seen.
The known metrically homogeneous graphs. A catalog of the known
metrically homogeneous graphs is given in [Che11]. There is some decent
evidence to support the view that this catalog should give a complete classification, or nearly so. Much of that evidence is reviewed in [Che15], with
the present work cited as one of the relevant items. Two points that would
be helpful in building up the case for completeness of the catalog to a more
substantial level would be a full treatment of the “antipodal” case (discussed
below), and a continuation of the analysis through diameter 4; the possibilities envisioned by the catalog in general are not fully realized in diameter
3.
It is shown in [Che15] that if the proposed catalog is complete with respect
to metrically homogeneous graphs of finite diameter, then it is also complete
with respect to the case of infinite diameter. Of course, it is quite possible

METRICALLY HOMOGENEOUS GRAPHS OF DIAMETER THREE

3

that the catalog is broadly correct but is missing some exceptional examples
of small diameter, or of antipodal form, in which case that reduction to the
case of finite diameter would need to be revisited. But if the catalog is
complete, or nearly so, then a natural approach to the proof is to treat the
case of finite diameter inductively, and reduce the general case to that one.
Some material that might reasonably have appeared here made its way
into [Che15] instead, notably some of the discussion of Smith’s theorem and
the treatment of the antipodal case in diameter 3. This work was done
independently by the two groups of authors before they exchanged notes.
General Theory. Our presentation makes use of the theory developed in
[Che15]. This is merely a matter of convenience, as in most cases what the
theory tells us is not hard to verify directly in diameter 3.
One point from the general theory is a useful way to draw the distinction
between various exceptional cases and the generic case. This relies on the
following terminology.
If Γ is a metrically homogeneous graph, we write Γi for the set of vertices
at distance i from a fixed based point, which may be considered either as a
metric space with the induced metric, or a graph with the induced edge relation. The isomorphism type of Γi is well determined, and it is homogeneous
when viewed as a metric space with the induced metric. In particular the
graph Γ1 is a homogeneous graph, since nonadjacent pairs are at distance 2.
Recall also that a graph Γ is imprimitive if it carries a nontrivial Aut(Γ)invariant equivalence relation.
Definition 1. Let Γ be a metrically homogeneous graph.
1. We say that Γ is of exceptional local type if Γ1 is
• imprimitive, or
• contains no infinite independent set.
2. We say that Γ is of generic type if Γ1 is primitive, and for any vertex
v in Γ2 , the neighbors of v in Γ1 contain an infinite independent set.
The main point of this definition is that we are able to give an explicit
classification of the metrically homogeneous graphs of non-generic type, and
that our analysis of the generic case depends on completely different methods
from the non-generic case.
Since a metrically homogeneous graph of generic type has Γ1 primitive
and infinite, the classes of metrically homogeneous graphs of exceptional
local type and generic type are disjoint. But this division leaves over a third,
intermediate, class, as follows.
• Γ1 is primitive and contains an infinite independent set, but for v ∈
Γ2 , the set of neighbors of v in Γ1 contains no infinite independent
set.
If we apply the Lachlan/Woodrow classification of homogeneous graphs,
then our intermediate class may be characterized more simply as follows, as
we shall explain in §1.
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• Γ1 is an infinite independent set.
• For v ∈ Γ2 , the set of neighbors of v in Γ1 is finite.
This is clearly a very special case, and it turns out that in this case the graph
Γ must be a regular infinitely branching tree [Che11, Lemma 8.6].
We will review the general theory in §1. An important part of this theory
concerns the local structure of Γ, by which we mean the structure of Γi for
i ≤ δ.
Recall that Γi consists of the points at distance i from a given base point,
considered in the first place as a metric space with the induced metric. Then
Γi is an integer valued homogeneous metric space whose structure is independent of the choice of base point. If Γi contains no edges (i.e., the distance
1 does not occur), then this space is not so useful in our present state of
knowledge. But if Γ is connected, and Γi contains an edge, then Γi with the
induced graph structure turns out to be a connected metrically homogeneous
graph. We will give more precise statements of this in §1.
The result. The classification that results from our analysis is as follows.
The statement uses the notation of the catalog of [Che15], and we leave its
detailed explanation to §1. But modulo the general theory, we will need to
focus on group (2) below, and specifically group (2c), for which there are
essentially 5 possibilities, corresponding to the numerical parameters K1 , K2
shown, subdivided further according to the parameter C into a total of 10
classes of examples.
The division of group (2) into three cases comes from the general theory,
and is specialized to the case δ = 3; the reason for this division is clearer
in the general case. For δ = 3, the case (2b) is very marginal; for larger δ,
that case, though exceptional, allows a wider variety of examples than we
see here.
Note that according to our conventions, a metrically homogeneous graph
of finite diameter is connected.
Theorem 1. Let Γ be a metrically homogeneous graph of diameter δ = 3.
Then Γ is one of the following.
(1) Finite:
(a) An n-cycle for n = 6 or 7;
(b) The antipodal double of C5 or of L[K3,3 ];
(c) The bipartite complement of a matching between finite sets.
(2) The graphs Γ3K1 ,K2 ;C,C 0 ;S with admissible parameters, as follows:
(a) If K1 = ∞:
Then K2 = 0, C = 7, C 0 is 8 or 10, S is empty. With C 0 = 8
this is the bipartite complement of a matching between infinite
sets and with C 0 = 10 it is the generic bipartite graph.
(b) If K1 < ∞ and C ≤ 2δ + K1 (C ≤ K1 + 6):
Then K1 = 1, K2 = 2, C = 7, C 0 = 8, and S is empty. This is
the generic antipodal graph of diameter 3.
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(c) If C > 2δ + K1 (C ≥ K1 + 7): Then C 0 = C + 1.
The various possibilities in this case are shown in Table 1 below.
K1 K2
C
S
1
2
9 or 10
cliques and anticliques
1
3 8, 9, or 10
If C = 8 then S is empty
2
2
9, 10
anticliques
2
3
9, 10
Anything not involving a 3-clique K3
3
3
10
Empty
Table 1. δ = 3: Case (2c)

We remark that in the classification just given, the set S must necessarily be finite (see §1.3), and in particular there are only countably many
isomorphism types of such structures.
For the proof, after quoting general theory to reduce to generic type, and
dealing with imprimitive cases by special methods, we devote our attention
exclusively to primitive metrically homogeneous graphs of generic type, beginning in §2.2. The first step is to recover the parameters δ, K1 , K2 , C0 , C1 , S
from the structure of the graph in a useful way (Definition 2.1). The final
step is to show that our graph Γ and the “target” graph ΓδK1 ,K2 ,C0 ,C1 ,S have
the same finite metric subspaces. Between these two steps there are two
others.
• Show that the parameters satisfy various numerical conditions (admissibility) which ensure that the “target” ΓδK1 ,K2 ,C0 ,C1 ,S actually
exists!
• Prove that Γ and ΓδK1 ,K2 ,C0 ,C1 ,S have the same isometrically embedded triangles.
This last point may seem like simply one very special case of the more
general problem of determining the finite subspaces of Γ, but as the point
of the numerical parameters is to specify a set of forbidden triangles for
ΓδK1 ,K2 ,C0 ,C1 ,S , this really is part of the initial set-up.
In §4 we will review the preliminary steps of our approach, and lay out
the plan of attack for the final analysis.
In our classification, we remark that the graphs falling under the cases
C = 8 or K1 = 3 occur in the appendix to [Che98] in a list of all primitive
homogeneous structures with three or four nontrivial 2-types, all of them
symmetric, not allowing “free” amalgamation, and which are determined by
a set of forbidden triangles. It turns out that a number of examples in
that list can be interpreted either as metrically homogeneous graphs (mostly
of diameter 4) or as generic expansions of metrically homogeneous graphs
of diameter 3 to a richer language. A number of examples still remain that
cannot be so interpreted, and it would be interesting to find a way to account
for them.
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Terminological conventions and general assumptions. We take note
of a few points of language which may require elucidation.
Some common terms make sense in both the graph theoretic and metric
contexts, generally with different meanings.
In the metric setting, any three points constitute a triangle, with the
associated metric structure. The term clique is used in the graph theoretic
sense (the metric term would be simplex).
Paths in the metric sense are more general than paths in the graph theoretic sense. Given a sequence of points (a0 , . . . , an ) in a metric space one may
consider this as a labeled graph in two distinct senses, namely by labelling
the pairs (ai , ai+1 ) with their distances, or by labelling all pairs (ai , aj ) with
their distances (i.e., taking the full induced metric structure). In the metric setting, we are particularly interested in geodesic paths (or more briefly,
geodesics), in which the induced metric structure is the path metric from
the induced path structure. In particular we speak of geodesic triangles; this
means that the vertices can be arranged to form a geodesic path.
In a metrically homogeneous graph of diameter δ, all geodesics of length
δ are realized, and in particular all triangles of type (i, δ − i, δ) occur.
Of course, the underlying graph will generally contain some paths in the
graph theoretic sense which are not geodesics. However, any two points will
be connected by some path which is a geodesic. As noted in [Cam98], this
property characterizes the metric spaces associated with metrically homogeneous graphs, within the broader class of integer valued metric spaces.
We use the notation Kn for an n-clique, and, in particular, K3 denotes a
triangle in the graph theoretic sense. At the same time, we use the notations
K1 , K2 for certain numerical parameters, as discussed above. The meaning
of these notations should be unambiguous, in context.
Finally, as the paper is about metrically homogeneous graphs of diameter
δ = 3, the condition δ = 3 is in force through much of the paper, starting
with §2.2. The first part of the paper prepares material based on very general
considerations, and most of it applies to the case δ ≥ 3. In particular, we
present the notion of generic type in §1.3, which makes sense for δ ≥ 2, and
we explain why the full classification problem reduces to the case of generic
type with δ ≥ 3. What we quote from the general theory makes sense at
that level of generality, and will for the most part be given in its general
form before being specialized to the case δ = 3. In particular, §2.1 provides
some useful information at that level of generality, just before the main part
of the analysis gets underway.
We also work with the assumption δ = 3 in §1.5. Something can be said
at a greater level of generality, but the general analysis is incomplete and the
case δ = 3 can be handled efficiently on its own, so we take that approach
here. Thus, by the time we begin the substantive portion of the analysis in
§2.2, we may suppose δ = 3, and the graph is primitive and of generic type.
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Information about the case δ ≤ 2 is also very useful, and indeed is fundamental to our approach, but this case is covered completely by the classification theorem of Lachlan/Woodrow [LW80], which we recall in the next
section.
1. Preliminary results
1.1. Exceptional local type and generic type. We will first explain in
detail the parts of the classification in diameter 3 which do not need to be
addressed here, having been covered elsewhere without any limitation on
δ. First we present a general framework for the classification of metrically
homogeneous graphs.
The classification of homogeneous graphs by Lachlan and Woodrow may
be summarized as follows. This is the case δ ≤ 2 from the metrically homogeneous point of view, so all open questions concern the case δ ≥ 3.
Fact 1.1 (Summary of [LW80]). A homogeneous graph is either finite, imprimitive, or of one of the following forms.
• Complete, or an independent set of vertices
• A Henson graph Hn with n ≥ 3, or its complement
• The random (homogeneous universal) graph G∞ .
Here the Henson graph Hn is the unique homogeneous graph which is
universal subject to containing no n-clique [Hen71].
If Γ is a metrically homogeneous graph then Γ1 (as defined in the introduction) is a homogeneous graph. Certain cases clearly have a special character.
For example, if Γ1 is complete then Γ is a disjoint union of complete graphs.
We have divided the metrically homogeneous graphs into three broad
classes in the introduction, mainly according to the structure of Γ1 . At the
extremes we have exceptional local type, and generic type, with a residual
class left in the middle.
This residual class is characterized, a priori, as follows.
• Γ1 is primitive and contains an infinite independent set, but for v ∈
Γ2 , the set of neighbors of v in Γ1 contains no infinite independent
set.
By metric homogeneity, the structure of the set of common neighbors for a
pair of points at distance 2 is independent of the pair considered. Therefore,
if Γ1 is a Henson graph Hn with 3 ≤ n < ∞, or a random graph, then such
a set always contains an infinite independent set.
So in this class, Γ1 cannot be a Henson graph or a random graph, yet is
primitive and contains an infinite independent set. In view of the classification of homogeneous graphs, Γ1 must be an independent set, and for v ∈ Γ2
the set of neighbors of v in Γ1 must be finite. As noted in the introduction, one can then argue that in the connected case Γ is a regular infinitely
branching tree [Che11, Lemma 8.6].
Thus we have the following.
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Fact 1.2 (cf. [Che11]). Any metrically homogeneous graph falls into precisely
one of the following categories.
• Exceptional local type;
• A regular tree with infinite branching;
• Generic type.
We are interested only in the finite diameter case here, so the second entry
falls away.
The classification of homogeneous graphs also gives a more useful way to
think about the definition of generic type.
Remark 1.3. Let Γ be a metrically homogeneous graph of generic type. Then
Γ1 is one of the following.
• An independent set.
• A Henson graph Hn with 3 ≤ n < ∞.
• A random graph G∞ .
Furthermore, for any two vertices at distance 2 in Γ, the graph induced on
the set of their common neighbors is isomorphic to Γ1 .
The final remark is evident if Γ1 is an independent set, and otherwise holds
on purely formal grounds: in the other two cases we may take v, w ∈ Γ1 to
see that the graph induced on their common neighbors contains a copy of
Γ1 , and we may take v as the basepoint to see that it embeds in Γ1 , applying
homogeneity to conclude that it is isomorphic to Γ1 .
1.2. Exceptional Local Type. An explicit classification of the metrically
homogeneous graphs of exceptional local type is given in [Che11], and reviewed in [Che15]. Leaving aside those of infinite diameter, the list in diameter δ ≥ 3 is as follows.
Fact 1.4 ([Che11, Theorem 10]). A metrically homogeneous graph of exceptional local type and finite diameter δ ≥ 3 is finite.
More explicitly, it is one of the following
• An n-cycle, with n ≥ 6;
• An antipodal graph of diameter 3, with Γ1 finite:
– The bipartite complement of a perfect matching between two finite sets;
– The antipodal double of C5 or L[K3,3 ],
Specializing to diameter δ = 3, the relevant n-cycles have diameters n = 6
or 7.
Corollary 1.5. Let Γ be an infinite metrically homogeneous graph of finite
diameter. Then Γ is of generic type.
Proof. By Facts 1.2 and 1.4.



We now explain the antipodal case, which appears again in group (2b) of
Theorem 1.
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Definition 1.6. Let Γ be a graph of diameter δ ≥ 2. Then Γ is antipodal if
for each vertex v ∈ Γ there is a unique vertex v 0 with d(v, v 0 ) = δ.
This is not the standard definition from the theory of distance transitive
graphs, but rather a modification more suited to the context of metrically
homogeneous graphs, at least when the diameter is at least 3. This definition
is meaningful for δ ≤ 2, but less useful in that context. For δ = 2 the
antipodal graphs in our sense are complete multipartite graphs which happen
to have classes of size two.
The structure of antipodal graphs is quite special, as the following indicates.
Fact 1.7 ([Che11, Theorem 11]). Let Γ be a metrically homogeneous antipodal graph of diameter δ. Then the pairing v ↔ v 0 defined by d(v, v 0 ) = δ
defines a central involution in Aut(Γ). In particular Γi ∼
= Γδ−i for 0 ≤ i ≤ δ.
Note that in diameter 3 we have
Γ1 ∼
= Γ2
with the pairing v ↔ v 0 giving a canonical isomorphism.
The antipodal graphs of diameter 3 listed in Fact 1.4 are those of exceptional local type. In these graphs Γ1 is either a finite independent set, or
one of two exceptional finite primitive homogeneous graphs, of orders 5 and
9 respectively.
Below we will give the general classification of antipodal graphs of diameter 3, which is similar (Fact 1.15).
1.3. Generic Type. Having disposed of the non-generic types, as discussed
above, we can rephrase our main theorem more concretely as follows—where
we still have to explain the main notations.
Proposition 1.8 (Main Theorem, generic type). Let Γ be a metrically homogeneous graph of diameter 3 and generic type. Then Γ is a graph of the
form Γ3K1 ,K2 ;C,C 0 ;S with admissible parameters, as follows:
(a) If K1 = ∞ ( Γ is bipartite):
Then K2 = 0, C = 2δ+1 = 7, C 0 is 8 or 10, S is empty. With C 0 = 8
this is the bipartite complement of a matching between infinite sets
and with C 0 = 10 it is the generic bipartite graph.
(b) If K1 < ∞ and C ≤ 2δ + K1 ( Γ is antipodal, not bipartite):
Then K1 = 1, K2 = 2, C = 7, C 0 = 8, and S is empty. This is the
generic antipodal graph of diameter 3.
(c) C > 2δ + K1 ( Γ is primitive):
Then C 0 = C + 1.
The various possibilities under this heading are as listed above in
Table 1.
For a full listing of all possibilities, see also Lemma 1.11 below.
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In [Che11] a class of metrically homogeneous graphs
ΓδK̃,C̃,S
defined by 5 numerical parameters δ, K1 , K2 , C0 , C1 , and one more geometric
parameter S was introduced. We set K̃ = (K1 , K2 ) and C̃ = (C0 , C1 ), where
C0 is even and C1 is odd. We also work with the notation C̃ = (C, C 0 ),
where C = min(C0 , C1 ), C 0 = max(C0 , C1 ); that is, we may write these
parameters in increasing order rather than according to their parity, and
vary the notation to suit this point of view.
Here δ denotes the diameter, while the parameters K̃, C̃ serve to define a
set of forbidden triangles T (δ, K̃, C̃). The parameter S consists of a set of
finite (1, δ)-metric spaces, that is, metric spaces in which all distances are
equal to 1 or δ. Since δ > 2, this is a union of cliques with distinct cliques
at distance δ from each other.
As we remarked earlier, if the sets S are irredundant then they are finite.
We now elaborate on the combinatorial content of this remark. The elements
of S form an antichain by irredundancy: that is, no space in S embeds isometrically in any other space in S. These isomorphism types are naturally
encoded by finite multi-sets of positive integers (clique sizes), and the embedding relation corresponds to a natural relation between these multi-sets
which is well known, by a Lemma of Higman, to be well-quasi-ordered; this
term simply means, in this context, that there are no infinite antichains.
The notation ΓδK̃,C̃,S stands for the so-called Fraïssé limit (if it exists) of
the following class AδK̃,C̃,S .
Finite metric spaces M containing no isometric copy of a
forbidden triangle in T (δ, K̃, C̃), and no isometric copy of a
(1, δ)-space in S.
That is ΓδK̃,C̃,S denotes a countable metrically homogeneous graph Γ with
the property that the class of finite metric spaces embedding isometrically
in Γ coincides with the class AδK̃,C̃,S .
Such a metrically homogeneous graph, if it exists, is determined up to
isomorphism by the class AδK̃,C̃,S , and hence by the data T (δ, K̃, C̃) and S.
Via the theory of Fraïssé, the existence of ΓδK̃,C̃,S is equivalent to the
amalgamation property for the class AδK̃,C̃,S . This involves two sets of constraints on the parameters (δ, K̃, C̃, S); a mild set of constraints which we
call acceptability, and a more severe set of constraints we call admissibility
[Che15].
Acceptability consists of the requirements which are imposed on the parameters by their definitions and elementary arguments; for example, we
cannot have C > 3δ + 1, since there are no triangles of perimeter 3δ + 1.
Subject to the acceptability constraints, admissibility consists of the substantive constraints on the parameters for the existence of ΓδK̃,C̃,S , that is,
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admissibility consists of a precise set of requirements on the parameters which
are equivalent to the condition
AδK̃,C̃,S is an amalgamation class.
We will give the precise constraints on K̃ and C̃ in detail, below.
Now the general theory is not of much help in proving our result in diameter 3. It is of use in predicting the result, organizing the proof in its
broad outlines, and explaining the result. The general theory does provide
the existence proof for the cases listed. We will also take advantage of some
information about Γ2 and Γ3 given by the general theory, which saves us the
trouble of some preliminary analysis.
The organization of the proof in general terms is as follows.
Let Γ be a metrically homogeneous graph of diameter 3 and generic type,
and A the associated class of all finite metric spaces which embed isometrically in Γ.
• Determine relevant (candidate) values of the parameters δ, K̃, C̃, S
for Γ;
• Show that the triangles occurring in A are the triangles occurring in
AδK̃,C̃
(i.e., AδK̃,C̃,∅ ).
• Show that A = AδK̃,C̃,S , and apply uniqueness (Fraïssé theory).
Now the second step is a special case of the third, but it has the merit of
identifying one of the two sets of constraints defining our graph completely.
In particular, at this point we know what amalgamation strategy should be
appropriate for the class A. This last point motivates the main lines of the
analysis.
1.4. Acceptability, Admissibility, and Forbidden triangles. The constraints on the numerical parameters δ, K1 , K2 , C0 , C1 needed to obtain an
amalgamation class are fairly complicated. In fact, they are too complicated
to be fully illustrated by examples for which we have δ = 3. We have given
the possibilities corresponding to the case δ = 3 explicitly in the statement
of Theorem 1, and we will repeat this at the end. But to put this in context,
we first consider the constraints in their general form.
Definition 1.9. Let (δ, K1 , K2 , C0 , C1 ) be a sequence of natural numbers,
and let S be a set of finite (1, δ)-spaces. Write K̃ = (K1 , K2 ) and C̃ =
(C0 , C1 ) for brevity.
1. The sequence of parameters δ, K̃, C̃, S is acceptable if the following
conditions are satisfied.
• δ ≥ 2;
• 1 ≤ K1 ≤ K2 ≤ δ, or else K1 = ∞ and K2 = 0;
• C0 is even and C1 is odd;
• 2δ + 1 ≤ C0 , C1 ≤ 3δ + 2;
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• S is irredundant (see below).
In particular if δ = ∞ then C0 , C1 = ∞ and S consists of a set of cliques
(in fact, of just one clique).
2. An acceptable sequence of parameters is admissible if one of the following sets of conditions is satisfied.
I K1 = ∞:
• K2 = 0, C1 = 2δ + 1; this is the bipartite case
II K1 < ∞ and C ≤ 2δ + K1 :
• δ ≥ 3;
• C = 2K1 + 2K2 + 1;
• K1 + K2 ≥ δ;
• K1 + 2K2 ≤ 2δ − 1
IIA C 0 = C + 1 or
IIB C 0 > C + 1, K1 = K2 , and 3K2 = 2δ − 1
III K1 < ∞ and C > 2δ + K1 :
• If δ = 2 then K2 = 2 and S consists of a single clique or anticlique;
• K1 + 2K2 ≥ 2δ − 1 and 3K2 ≥ 2δ;
• If K1 + 2K2 = 2δ − 1 then C ≥ 2δ + K1 + 2;
• If C 0 > C + 1 then C ≥ 2δ + K2 .
• If K1 = δ or C = 2δ + 2, then S is empty;
For the notion of irredundance, we need to specify the class T (δ, K̃, C̃)
of forbidden triangles associated with δ, K̃, C̃. Then the set S is said to
be irredundant if no space in S contains an isometric copy of a forbidden
triangle, or of another space in S. In other words, S consists of minimal
forbidden (1, δ)-spaces, with the proviso that any forbidden triangles will be
provided by the numerical parameters.
Finally, we give the definition of T (δ, K̃, C̃) explicitly. If T is a metric
triangle (a metric space with 3 points), then the type of T is the (unordered)
triple of distances i, j, k involved, and the perimeter is the sum
p=i+j+k
We write the type as an ordered triple (i, j, k) but bear in mind that the
order here is irrelevant.
Definition 1.10. Let δ, K1 , K2 , C0 , C1 be an acceptable sequence of parameters (take S = ∅). Then a triangle of type (i, j, k) and perimeter p = i + j + k
belongs to T (δ, K̃, C̃) iff one of the following holds.
• p is
–
–
–
• p is

odd and
p < 2K1 + 1 or
p > 2K2 + 2 min(i, j, k) or
p ≥ C1 ; or—
even and p ≥ C0 .
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Thus the parameter K̃ = (K1 , K2 ) controls the triangles of small odd
perimeter, while C̃ = (C0 , C1 ) controls the triangles of large perimeter, according to their parity. The condition on K2 is somewhat obscure, but for
i = 1 it is complementary to the first condition. And if the graph happens to
be antipodal then the condition on K1 works out to be equivalent to the second condition with the value K2 = δ − K1 . So we may say that K2 imposes
a kind of antipodal dual constraint relative to K1 , regardless of whether the
graph in question is antipodal.
Now, as promised, let us specialize admissibility to the context δ = 3. We
have already given the result in the statement of Theorem 1.
Lemma 1.11. Let δ, K1 , K2 , C0 , C1 , S be an admissible sequence of parameters with δ = 3. Then the possibilities are as shown in Table 2.
We note that the case C = 9 requires the spaces in S to contain at most
two cliques; this condition should be added as appropriate in the last column,
but has been omitted to reduce clutter. For example, in the first primitive
case listed, namely K1 = 1, K2 = 2, when C = 9 this will force S to consist
of cliques, and when C = 10 then S may contain both cliques and anticliques.

Type
Bipartite
Antipodal
Primitive
"
"
"
"

Case K1 K2
C
C0
(I)
∞ 0
7
8 or 10
1
2
7
C +1
(II)
(III) 1
2
9 or 10
C +1
(III) 2
2
9 or 10
C +1
3 8, 9, or 10 C + 1
(III) 1
(III) 2
3
9 or 10
C +1
3
10
C +1
(III) 3

S
∅
∅
cliques and anticliques
anticliques
If C = 8 then S is empty
Anything not involving K3
Empty

Table 2. Admissible parameters for δ = 3

Proof. In the rightmost column, we find the constraints on the set S which
correspond to the values of the numerical parameters δ = 3, and K1 , K2 , C, C 0
as shown. That is we must specify which (1, δ)-spaces can occur—irredundantly—
as Henson constraints.
There are three cases to consider:
(I) K1 = ∞; (II) K1 < ∞, C ≤ 2δ + K1 ; (III) K1 < ∞, C > 2δ + K1
The definition of admissibility varies according to the case considered.
(I) When K1 = ∞ the graph is bipartite and we immediately arrive at
the first line of the table, bearing in mind that δ is odd, so there are no
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(1, δ)-spaces compatible with the numerical constraints with more than two
points.
(II) When C ≤ 2δ + K1 the conditions
K1 + 2K2 ≤ 5, K2 ≥ K1 , and K1 + K2 ≥ 3
give K1 = 1 and K2 = 2 and then the rest follows from the definition of
admissibility.
(III) This is the more typical case and it allows for several possibilities.
A clique is defined metrically as a set of points at mutual distance 1. An
anticlique is defined dually as a set of points at mutual distance δ (i.e., 3).
The constraint 3K2 ≥ 2δ becomes K2 ≥ 2. Then we see the five possibilities with 2 ≤ K2 ≤ 3 and 1 ≤ K1 ≤ K2 listed. The corresponding lower
bound on C is 2δ + K1 + 1 except in the case K1 = 1, K2 = 2 where it is
2δ + K1 + 2. And the value C = 3δ + 1 = 10 imposes no constraint, since
all triangles have perimeter at most 3δ.
Now we have to consider the possibility that C 0 > C + 1 in case (III).
But if C ≥ 3δ then C 0 = C + 1 by acceptability, so this leaves only the case
C = 8 with K2 = 3, and then as C < 2δ + K2 we again have C 0 = C + 1. 
In particular, we cannot see the point of having both C0 and C1 when we
look at the case of diameter 3: we just see the uniform bound on perimeter
given by C = min(C0 , C1 ).
1.5. Imprimitive Cases. A metrically homogeneous graph is said to be
imprimitive if it carries a non-trivial automorphism-invariant equivalence
relation. The qualitative analysis of the imprimitive case comes under the
general heading of Smith’s theorem in the context of distance transitive
graphs, but it takes on a slightly different form here. This was presented in
detail in [Che11]. The main point is the following.
Fact 1.12 ([Che11, §7.1]). Let Γ be an imprimitive connected metrically
homogeneous graph of diameter at least 3 and vertex degree at least 3. Then
Γ is either bipartite or antipodal.
Part of the content of this result is the particular meaning of “antipodal”
in our context, which was discussed earlier.
In the case of diameter 3 we may proceed to identify the imprimitive
graphs of generic type as follows.
First we consider the bipartite case.
Lemma 1.13 (Bipartite case, cf. [Che11, Proposition 9.1]). Let Γ be a bipartite metrically homogeneous graph of diameter 3. Then Γ is one of the
following: the complement of a perfect matching, or a generic bipartite graph.
Proof. In this case Γ is homogeneous as a bipartite graph, since the relation
d(x, y) = 3 is simply the “non-edge” relation between the two sides. So Γ or
its complement must be one of the following (cf. [GGK96]).
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• complete;
• perfect matching;
• generic bipartite
As Γ has diameter 3 and is connected and bipartite, the claim follows.
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Now we turn to the antipodal case, which is richer. This involves the
following construction.
Definition 1.14 (Antipodal Double). Let G be a graph. Let G0 be a second
copy of G, with a fixed isomorphism ι : G → G0 ; we write v 0 for ι(v).
The antipodal double of G is the graph Γ = G ∪ G0 ∪ {∗, ∗0 }, with two
additional vertices ∗ and ∗0 , and with edges given by
• (∗, v) (v ∈ G) or (∗0 , v 0 ) (v 0 ∈ G0 );
• (u, v), (u0 , v 0 ) (u, v ∈ G, d(u, v) = 1);
• (u, v 0 ), (u0 , v) (u, v ∈ G, d(u, v) = 2)
Thus in the antipodal double we have Γ1 = G, Γ2 = G0 , and the antipodal
pairing gives an isomorphism (namely, ι) between Γ1 and Γ2 .
Lemma 1.15 (Antipodal case, cf. [Che99, §1 (II,III)] or [Che11, Theorem
15] ). Let Γ be an antipodal metrically homogeneous graph of diameter 3.
Then Γ is the antipodal double of one of the following graphs.
• an independent set In (n ≤ ∞);
• the pentagon (5-cycle) C5 ;
• the line graph L(K3,3 ) of the complete bipartite graph K3,3 (this is a
graph of order 9);
• the random graph G∞ .
Proof. Let Γ be metrically homogeneous and antipodal of diameter 3. Fix
a basepoint v∗ for Γ, and set G = Γ1 , G0 = Γ2 . Then G is a homogeneous
graph, and the antipodal pairing gives an isomorphism between G and G0 .
It is easy to see that the edge rule in Γ is the one we have described.
It remains only to see that homogeneity of Γ forces G to be as stated. In
fact, going forward, we will require only vertex transitivity of Γ.
Note that if G is complete, then Γ is disconnected and therefore cannot
be metrically homogeneous of finite diameter, so we set this case aside.
For v ∈ G, let G∗v be the graph derived from G by switching edges and
non-edges between the neighbors and non-neighbors of v. We claim
Γ1 (v) ∼
= G∗
v

Let G1 (v) be the set of neighbors of v in G, and G2 (v) the set of nonneighbors of v (excluding v). Consider the map from G∗v to Γ1 (v) which
fixes G1 (v), is the antipodal map on G2 (v), and sends v to v∗ . This gives an
isomorphism of G∗v with Γ1 (v).
By vertex transitivity of Γ, we also have
Γ1 (v) ∼
=G
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and thus
G∗v ∼
=G
It remains to go through all possibilities for G, and to see which ones
satisfy this condition.
The homogeneous graphs G come in complementary pairs. If Gc is the
complement of G, then (G∗v )c = (Gc )∗v , so it suffices to consider one graph G
in each complementary pair.
When G is imprimitive, we may suppose it is a disjoint sum of at least
two non-trivial cliques. Then in G∗v , any neighbor of v becomes adjacent to
all vertices of G∗v , so G∗v is not isomorphic to G.
If G is a Henson graph Gn , then G2 (v) contains a clique K ∼
= Kn−1 , and
switching edges and nonedges with G1 (v) will extend K to a clique of order
n. So this case is eliminated, along with its complement.
The only cases remaining are those listed.

For the homogeneity of antipodal graphs of these four types, the argument
is easily reversed. Alternatively, the first case is bipartite and the complement of a perfect matching, which is clearly homogeneous, all finite cases
are discussed in [Cam80], and for the last case it suffices to check that there
is a metrically homogeneous graph of diameter 3 and antipodal type with
Γ1 the random graph. The generic antipodal graph of diameter 3 has these
properties. In our notation, this is the graph
Γ31,3,7,8,∅
2. Admissibility
We aim at the classification of all metrically homogeneous graphs of diameter 3, and as we have seen we may suppose that
Γ is of generic type
Our overall plan is to assign some useful meaning to the parameters
K1 , K2 , C0 , C1 before proving anything, and then gradually show that they
control the structure of our graph in the expected fashion.
Definition 2.1. Let Γ be a metrically homogeneous graph of diameter at
least 3 and of generic type.
(1) δ is the diameter of Γ, which we generally suppose is 3 (occasionally
working more generally).
(2) K1 is the least k such that Γ contains a triangle of type (1, k, k), and
K2 is the greatest such.
(3) We take K1 = ∞, K2 = 0 if no such triangles occur.
(4) C0 is the least even number greater than 2δ such that no triangle of
perimeter C0 is in Γ; and C1 is the least such odd number.
(5) C = min(C0 , C1 ) and C 0 = max(C0 , C1 ).
(6) S is the collection of minimal (1, δ)-spaces S such that
• S is forbidden, i.e. does not embed in Γ; and
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• S is not a forbidden triangle of ΓδK1 ,K2 ,C0 ,C1 , and does not contain a smaller forbidden (1, δ)-space.
While the restriction to generic type is not formally necessary, it is needed
if we aim to make any meaningful use of the definition.
The very first step in our analysis is to take note of some basic information
about Γ2 and Γ3 provided by the general theory, without restriction on the
diameter.
So we take this up next.
2.1. On the structure of Γi . Recall that Γi denotes the metric space structure induced on the vertices at distance i from a given base point. We also
view Γi as a graph with edge relation “d(x, y) = 1,” where the path metric
may not agree with the induced metric, though it will agree with the path
metric on any connected component. This point of view is not at all useful if
the graph Γi has no edges, and it is most useful when the graph is connected.
Therefore, the following general result on the structure of Γi in the case
of generic type will provide a useful point of departure.
Fact 2.2 ([Che15, Theorem 1.29]). Let Γ be a countable metrically homogeneous graph of generic type and of diameter δ, and suppose i ≤ δ. Suppose
that Γi contains an edge. Then Γi is a countable metrically homogeneous
graph.
Furthermore, Γi is primitive and of generic type, apart from the following
two cases.
(1) i = δ;
K1 = 1; {C0 , C1 } = {2δ + 2, 2δ + 3};
Γδ is an infinite complete graph (hence not of generic type).
(2) δ = 2i;
Γ is antipodal (hence Γi is imprimitive, namely antipodal).
We restate this in the form relevant to the case δ = 3.
Fact 2.3 (Local Analysis). Let Γ be a countable connected metrically homogeneous graph of generic type and of diameter 3. Suppose i = 2 or 3, and Γi
contains an edge. Then Γi is a connected metrically homogeneous graph.
Furthermore, Γi is primitive and of generic type, apart from the following
case.
• i = 3, Γ3 is an infinite complete graph, so K1 = 1, C0 = 8, C1 = 9.
There is a companion result guaranteeing the existence of edges in some
cases.
Fact 2.4 ([Che15, Proposition 1.30]). Let Γ be a connected metrically homogeneous graph of generic type with K1 ≤ 2. Then for 2 ≤ i ≤ δ − 1, Γi
contains an edge, unless i = δ − 1, K1 = 2, and Γ is antipodal.
Since K1 is defined as the smallest number k for which Γk contains an
edge, Fact 2.4 has no content if K1 = 2 and δ = 3. So for our purposes, the
statement reduces to the following.
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If δ = 3 and K1 = 1, with Γ of generic type, then Γ2 contains
an edge.
Fact 2.5 ([Che15, Lemma 15.4]). Let Γ be a connected metrically homogeneous graph of generic type and diameter δ. Suppose i ≤ δ, and suppose also
that if i = δ then K1 > 1. Then the metric space Γi is connected with respect
to the edge relation defined by
d(x, y) = 2.
Note that the metric on Γi is induced from Γ and may not have any
connection with the graph structure on Γi (e.g. i = 1, Γ triangle free, and
Γ1 is edgeless).
Another useful point which plays a role in some of the results just quoted,
and remains useful in its own right, is the following.
Fact 2.6 ([Che15, Lemma 15.5]). Let Γ be a connected metrically homogeneous graph of generic type. Suppose 1 ≤ i ≤ δ. Then for u ∈ Γi±1 ,
Γ1 (u) ∩ Γi is infinite.
For i < δ this follows easily from the definition of generic type, applied to
a pair of vertices u+ , u− from Γi±1 . For i = δ it requires further analysis.
2.2. The Parameters of Γ. Now we begin to work toward the explicit
classification of the (countable) metrically homogeneous graphs satisfying
• δ = 3;
• Γ is of generic type;
• Γ is neither bipartite nor antipodal.
(On occasion, we will work at a greater level of generality.)
We recall the relevant content from Table 2 of Lemma 1.11, discarding the
first two lines, which concern the imprimitive case. Recall that when C = 9,
the last column of the table should be supplemented by the condition that
no space in S involves more than two cliques.
Type
Case K1 K2
Primitive (III) 1
2
"
"

(III)
(III)

2
1

2
3

"

(III)

2

3

"

(III)

3

3

C0
S
C + 1 cliques and
anticliques
9 or 10
C + 1 anticliques
8, 9, or 10 C + 1 If C = 8 then
S is empty
9 or 10
C + 1 Anything not
involving a 3-clique
10
C + 1 Empty
C
9 or 10

Table 3. Admissible parameters for δ = 3, primitive case
Given a primitive infinite metrically homogeneous graph Γ of diameter 3,
we proceed as follows.
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(1) Extract suitable parameters δ, K1 , K2 , C0 , C1 , S as in Definition 2.1.
(2) Show that these parameters control the forbidden triangles and (1, δ)spaces in precisely the expected manner;
(3) Show that the parameters are admissible.
(4) Show that the graph Γ is isomorphic with ΓδK1 ,K2 ,C0 ,C1 ,S .
We view admissibility not so much in terms of the general definition, but
in terms of the allowable parameter sequences, as listed in our table. That
is, K2 = 2 or 3, 1 ≤ K1 ≤ K2 , C 0 = C + 1, and the possibilities for C have
been listed in each case. We will not be much concerned with S.
Fact 2.7 ([Che15, Lemma 13.15]). Let A be an amalgamation class of diameter δ, and Γ the Fraïssé limit of A. Assume that some triangle of odd
perimeter occurs in A, and let p be the least odd number which is the perimeter of a triangle in A. Then the following hold.
(1) A p-cycle embeds isometrically in Γ;
(2) p ≤ 2δ + 1;
(3) p = 2K1 + 1.
So we have the following conditions by definition (see Definition 2.1).
• 1 ≤ K1 ≤ K2 ≤ δ;
• 2δ + 1 ≤ C ≤ 3δ + 1, C < C 0 ≤ 3δ + 2, and of course
• C ≡  (mod 2)
Therefore, referring to Table 3 above, in the primitive case admissibility
of the numerical parameters (for δ = 3) can be expressed by the following
additional conditions.
• K2 ≥ 2;
• C 0 = C + 1;
• C > 6 + K1 ;
• when K1 = 1 and K2 = 2, then C > 8.
The first point (K2 ≥ 2) is already contained in the general theory. Indeed,
Fact 2.4 includes the following.
Lemma 2.8. Let Γ be a metrically homogeneous graph of generic type, diameter δ, which is neither bipartite nor antipodal. If K1 ≤ 2, then K2 ≥ δ − 1.
Summing up, we have the following.
Lemma 2.9. Let Γ be a primitive metrically homogeneous graph of generic
type and diameter 3, with associated parameters K1 , K2 , C0 , C1 . Suppose the
following.
(a) C 6= 7;
(b) If C = 8 then K1 = 1, K2 = 3, and C 0 = 9;
(c) If K1 = 3 then C = 10.
Then the parameters K1 , K2 , C, C 0 are as shown in Table 3.
Proof. The rows of Table 3 list the possible combinations of K1 , K2 subject
to 1 ≤ K1 ≤ K2 ≤ 3 and Lemma 2.8.
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By definition we have C ≥ 2δ + 1 = 7, C ≤ 3δ + 1 = 10. The cases
involving C ≤ 8 are covered by (a, b). When C ≥ 9, then C 0 = C + 1 and
the latter imposes no constraint on triangles.
Taking (c) into account we have the table, apart from the specification of
S in the last column.

So the next step is to prove points (a–c).
2.3. Admissibility. In this section, we will not impose the condition δ = 3
until the end (Proposition 2.19). When δ = 3, the parameter K1 falls under
one of the two cases K1 ≤ 2 or K1 = δ; for large values of δ, this is a split
between very small values of K1 and a very large value of K1 , and we treat
these cases accordingly.
Lemma 2.10. Let Γ be an infinite primitive metrically homogeneous graph
of diameter δ. Then C ≥ 2δ + 2.
Proof. We have to eliminate the possibility C = 2δ + 1.
Suppose toward a contradiction that C = 2δ + 1; that is, Γ contains no
triangle of perimeter 2δ + 1.
As Γ is primitive, it is not bipartite, so K1 is finite. In other words, Γ
contains a triangle of type (1, i, i) for some i.
Take a pair of vertices u, u0 at distance δ and consider a vertex v ∈ Γi (u)
at distance δ − i from u0 .
By the choice of i, Γi (u) contains an edge. For any neighbor v1 of v in
Γi (u), we have
δ − i ≤ d(v1 , u0 ) ≤ δ − i + 1
The triangle (u, u0 , v1 ) will have perimeter δ + i + d(u0 , v1 ), so by our hypothesis d(u0 , v1 ) 6= δ − i + 1. Thus d(u0 , v1 ) = δ − i.
So if v ∈ Γi (u) satisfies d(v, u0 ) = δ − i, then the same applies to each
neighbor of v in Γi (u). By Fact 2.2, Γi (u) is connected, and hence
Γi (u) ⊆ Γδ−i (u0 )
In particular Γδ−i (u0 ) also contains an edge, so we may switch the parameters i and δ − i, and the points u, u0 , to conclude
Γi (u) = Γδ−i (u0 )
Hence for u1 , u2 ∈ Γδ , we have Γδ−i (u1 ) = Γδ−i (u2 ).
As Γ is primitive, it follows that Γδ degenerates to a single vertex, but
then Γ is antipodal, and we have a contradiction.

Lemma 2.11. Let Γ be an infinite primitive metrically homogeneous graph
of diameter δ of generic type, containing no triangle of type (2, δ, δ). Then
Γδ is an infinite complete graph. In particular
K1 = 1
K2 = δ
and Γ contains no triangle of perimeter greater than 2δ + 1.
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Proof. We show first that Γδ contains an edge.
If not, then Γδ contains no pairs at distance less than 3. In particular,
each u ∈ Γδ−1 has a unique neighbor u0 in Γδ . This contradicts Fact 2.6.
So by Fact 2.2, Γδ is connected. But there is no pair in Γδ at distance 2,
so Γδ is complete. Then again by Fact 2.2, Γδ is infinite.
In particular, Γ contains triangles of type (1, 1, 1) and (1, δ, δ), so K1 = 1
and K2 = δ.
Now if we have a triangle (a, b, c) in Γ, with d(a, b) = i, d(a, c) = j, take a
as a basepoint and take v, v 0 ∈ Γδ with d(b, v) = δ − i, d(c, v 0 ) = δ − j. Then
d(b, c) ≤ (δ − i) + 1 + (δ − j) = 2δ + 1 − (i + j)
and thus the perimeter is at most 2δ + 1.



Lemma 2.12. Let Γ be an infinite primitive metrically homogeneous graph
of diameter δ, for which Γδ contains an edge. Then Γ contains triangles of
type (i, δ, δ) for all i ≤ K1 . Thus
C > 2δ + K1
Proof. If K1 = 1, then the lemma is vacuous. So we suppose K1 > 1, and
thus Γ1 is an independent set.
By Fact 2.2, Γδ is connected. So it suffices to show that the diameter of
Γδ is at least K1 .
If the diameter of Γδ is less than K1 , then Γδ contains no triangles of type
(1, i, i) for any i, and therefore Γδ is bipartite, by Fact 2.7. By Fact 2.5, since
K1 > 1, the graph Γδ is connected with respect to the relation d(x, y) = 2,
and thus no odd distances occur in Γδ , which is a contradiction.

Lemma 2.13. Let Γ be an infinite primitive metrically homogeneous graph
of generic type. If C = 2δ + 2, then any (1, δ)-space which does not contain
a forbidden triangle is realized in Γ.
Proof. By Lemma 2.11, Γ contains no triangle of perimeter greater than
2δ + 1, so a (1, δ)-space with no forbidden triangle consists of at most 2
cliques, at distance δ.
By Lemma 2.11, Γδ is an infinite complete graph. It follows that Γ1 contains an infinite complete graph, and is therefore the random graph (Remark
1.3).
Claim. For u ∈ Γ1 , the set Iu = Γδ (u) ∩ Γδ is infinite.
First, the set Iu is nonempty as Γ contains a triangle of type (1, δ, δ).
Suppose Iu is a singleton. Then this determines a function from Γ1 to
Γδ . As Γ1 is primitive, this is either a bijection, or constant. As Γ is not
antipodal, the latter possibility is ruled out. If we have a bijection, then
Aut(Γ1 ) must act doubly transitively on Γ1 , which is not the case.
So if Iu is finite, the number k = |Iu | is at least 2. By metric homogeneity
any k-set in Γδ is Iu for some u ∈ Γ1 . Therefore we have pairs u, u0 in Γ1
satisfying
|Iu ∩ Iu0 | = i
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for all i < k. As there are only 2 nontrivial 2-types in Γ1 , we find that k = 2.
Let a, b, c ∈ Γ1 be chosen so that Ia , Ib , Ic meet pairwise. Then (a, b, c) is
a clique of order 3. However it is possible for the intersection Ia ∩ Ib ∩ Ic to
be either empty or nonempty, violating metric homogeneity.
Thus Iu is infinite, and the claim is proved.
Now take vδ ∈ Γδ and set
A = Γ1 ∩ Γδ (vδ ) = Γδ (vδ ) \ {v∗ }

B = Γδ ∩ Γ1 (vδ ) = Γδ \ {vδ }

with v∗ the chosen basepoint. Then A and B are infinite cliques which are
definable from the pair (v∗ , vδ ).
The distances between vertices in A and B can be either δ or δ − 1, and
by our claim each vertex in A lies at distance δ from infinitely many vertices
in B. Taking d(x, y) = δ to define an edge relation, we find that (A, B) is a
homogeneous bipartite graph in which each vertex in A has infinitely many
neighbors in B. Hence (A, B) is either complete bipartite, the complement
of a perfect matching, or generic bipartite.
Thus the required configurations occur in (A, B), and the lemma follows.

Lemma 2.14. Let Γ be an infinite primitive metrically homogeneous graph
of generic type, with diameter δ ≥ 3. If K1 = δ, then Γδ is a primitive metrically homogeneous graph of diameter δ for which the corresponding parameter
Kδ,1 is also equal to δ. Furthermore the parameters of Γ satisfy
K2 = δ
C = 3δ + 1
C 0 = 3δ + 2
and in particular the parameters (K1 , K2 , C, C 0 ) are admissible.
Proof. That K2 = δ follows from the definitions.
As K1 = δ, Γδ contains an edge. By Fact 2.2, Γδ is connected and metrically homogeneous.
By Fact 2.5, Γδ is also connected with respect to the relation “d(x, y) = 2,”
and therefore is not multipartite.
By Fact 2.7, since the graph Γδ is not bipartite it contains some triangle
of type (1, i, i), for some i ≤ δ. As K1 = δ, we must have i = δ. Thus the
diameter of Γδ is δ, and the parameter Kδ,1 for Γδ is also δ.
As Γδ is connected, the metric space Γ contains triangles of type (i, δ, δ)
for all i ≤ δ. Hence C > 3δ, and then by definition C = 3δ + 1, C 0 = C + 1.
By Fact 2.2 and the above, Γδ is primitive.

We need also to deal with the constraint set S.
Lemma 2.15. Let Γ be an infinite primitive metrically homogeneous graph
of generic type, with diameter δ ≥ 3. Suppose that K1 = δ, and S is a
(1, δ)-space consisting of two pairs of vertices, each pair at distance 1, with
the distance between them equal to δ. Then S embeds into Γ.
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Proof. We attempt the amalgamation shown below. If both factors (a1 cu1 u2 )
and (a2 cu1 u2 ) embed into Γ, then in the amalgam the only possible values
for the distance d(a1 , a2 ) are δ − 1 and δ, and the value δ − 1 is excluded by
the parameter c. But then a1 a2 u1 u2 is a copy of S.

d(c, u1 ) = 2,
d(c, u2 ) = δ

It remains to be shown that the two factors (a1 cu1 u2 ) and (a2 cu1 u2 ) both
embed into Γ.
Claim 1. The factor (a1 cu1 u2 ) embeds into Γ.
Take a1 as the basepoint of Γ, and u2 = u a vertex in Γδ . Let Iu be
{v ∈ Γ1 | d(u, v) = δ}
We need to show that |Iu | ≥ 2.
As K1 = δ, we have |Iu | ≥ 1. If |Iu | = 1, this gives a definable function
from Γδ onto Γ1 . As Γδ is primitive (Lemma 2.14), this function is 1-1 or
constant. As Γ1 is nontrivial, the function is a bijection between Γδ and Γ1 .
Hence Γδ realizes a unique nontrivial 2-type, a contradiction.
This proves the claim.
Claim 2. The factor (a2 cu1 u2 ) embeds into Γ.
Taking u1 as the basepoint, and c ∈ Γ2 , we need to find a pair of vertices
v, w in Γδ satisfying
d(c, v) = δ

d(c, w) = δ − 1

d(v, w) = 1

Suppose this is not possible. Let Jc = {v ∈ Γδ | d(c, v) = δ}. Then Jc is
nonempty as Γδ contains a pair at distance 2. For v ∈ Jc , and w adjacent to
v, our assumption gives w ∈ Jc . As Γδ is connected, we find Γδ ⊆ Jc ⊆ Γδ (c).
By symmetry, Γδ = Γδ (c). As Γ is primitive, this gives a contradiction.
Thus the second factor also embeds into Γ.

Lemma 2.16. Let Γ be an infinite primitive metrically homogeneous graph
of generic type, with diameter δ ≥ 3 and K1 = δ. Then
S=∅
and in view of Lemma 2.14, the parameters (K1 , K2 , C, C 0 , S) are admissible.
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Proof. The constraints in S must be (1, δ)-spaces in which each connected
component has order at most 2. We show by induction on n that a (1, δ)space S consisting of n pairs of vertices at distance 1 embeds into Γ.
Fix a pair of adjacent vertices a, b in Γ and set
Γ̃ = Γδ (a) ∩ Γδ (b)
Then Γ̃ is homogeneous as a metric space.
It suffices to show that Γ̃ is a primitive metrically homogeneous graph of
diameter δ of generic type, with associated parameter K̃1 = δ. Then the
induction hypothesis applies to Γ̃ and gives the desired configuration in Γ.
We may suppose that b is the basepoint in Γ, so that Γδ (a) ⊆ Γδ ∪ Γδ−1
and Γ̃ is Γδ (a) ∩ Γδ .
Claim 1. Γ̃ is connected
Let A be a connected component of Γ̃.
We show first that the diameter of A in the induced metric is at least
2. Let u, v be an edge in A. As Γδ (a) is of generic type (Lemma 2.14),
there is an isometric copy of a 4-cycle of the form (u, v, u0 , v 0 ) in Γδ (a). As
Γδ−1 contains no edges, one of u0 , v 0 must lie in Γδ (a) ∩ Γδ = Γ̃, and in the
connected component A.
So the diameter d of A is at least 2. Now by metric homogeneity of Γ̃, any
pair of points at distance d or less lie in the same connected component of
Γ̃. Supposing Γ̃ is not connected, take v, w ∈ Γ̃ at minimal distance d0 > d
in Γ̃.
Take v1 , v2 on a geodesic in Γδ (a) connecting v to w, with d(v, v1 ) =
d(v1 , v2 ) = 1. If one of the vertices v1 or v2 lies in Γ̃, then it lies in the same
connected component of Γ̃ as v, and is within distance d of w, hence lies
also in the same component as w, for a contradiction. Therefore the vertices
v1 , v2 lie in Γδ (a) \ Γδ ⊆ Γδ−1 . So Γδ−1 contains the edge (v1 , v2 ), which is a
contradiction to K1 = δ.
Thus Γ̃ is connected. Since Γ̃ is homogeneous in the induced metric and
connected, the induced metric agrees with the graph metric (cf. [Cam98,
Proposition 5.1]), so that Γ̃ is a metrically homogeneous graph.
Claim 2. The diameter of Γ̃ is δ.
We seek a (1, δ)-space (a, b, c, c0 ) in which the only edge is (a, b). Taking
as base point, we need a triangle of type (δ, δ, 1) in Γδ . This is given by
Lemma 2.14.
c0

Claim 3. Γ̃ is of generic type.
As Γ̃ has finite diameter, it is not a regular tree, so if it is not of generic
type then it is of exceptional local type, according to Fact 1.2.
As K1 = δ > 1, (Γ̃)1 is an independent set. According to the definition
of exceptional local type, in this case Γ̃ must be a locally finite graph. But
there are no infinite locally finite metrically homogeneous graphs of finite
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diameter. This is proved in [Mph82], and is included in the statement of
Fact 1.4.
Claim 4. Γ̃ contains an infinite anticlique (a set of points at mutual distance
δ).
It suffices to show that there are arbitrary large anticliques (c1 , . . . , ck )
in Γ̃. This can be proved by induction on k, viewing the configuration
(a, b, c1 , . . . , ck ) as having basepoint ck , and requiring an embedding of
(a, b, c1 , . . . , ck−1 )
into Γδ .
Claim 5. Γ̃ contains a triangle of type (δ, δ, 1). Thus K̃1 = δ.
If the triangle is (c, c1 , c2 ) with d(c, c1 ) = d(c, c2 ) = δ and d(c1 , c2 ) = 1,
the configuration (abcc1 c2 ) may be considered from the point of view of
the basepoint c as requiring an embedding of (a, b, c1 , c2 ) into Γδ , which is
afforded by Lemma 2.15.
Claim 6. Γ̃ is primitive.
The previous two claims show that Γ̃ is neither antipodal nor bipartite.
Thus all required properties pass to Γ̃ and we may argue inductively.

Thus we have the following.
Lemma 2.17. Let Γ be an infinite primitive metrically homogeneous graph
of generic type with associated parameters (δ, K1 , K2 , C, C 0 , S), where δ ≥
3. If the parameters (δ, K1 , K2 , C, C 0 ) are admissible, then the parameters
(δ, K1 , K2 , C, C 0 , S) are admissible.
Proof. The definition of admissibility imposes no further conditions on S
(beyond irredundancy) unless
C > 2δ + K1
In this case, the conditions imposed are:
• If K1 = δ, then S is empty.
• If C = 2δ + 2, then S is empty.
If K1 < δ, we need only concern ourselves with the case C = 2δ + 2, and
then Lemma 2.13 applies.
If K1 = δ, then Lemma 2.16 applies.

In particular we have the following.
Corollary 2.18. Let Γ be an infinite primitive metrically homogeneous graph
of generic type with associated parameters (δ, K1 , K2 , C, C 0 , S). If
K1 ≤ 2 or K1 = δ
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then the associated parameters (δ, K1 , K2 , C, C 0 , S) satisfy the following conditions.
K1 + 2K2 ≥ 2δ − 1

(1)
(2)

3K2 ≥ 2δ

(3)

If K1 + 2K2 = 2δ − 1 then C ≥ 2δ + K1 + 2

In particular, if K1 = δ, or if K1 ≤ 2 and C 0 = C + 1, then the parameters
(δ, K1 , K2 , C, C 0 , S) are admissible.
Proof. The definition of admissibility as a set of numerical constraints (or
rather as a menu of three sets of numerical constraints) on the parameters is
given in Definition 1.9. Under the hypothesis of primitivity one of the three
possibilities envisioned in the definition (K1 = ∞) drops away, and the main
case division is between C ≤ 2δ + K1 and C > 2δ + K1 .
Points (1–3) repeat conditions from clause (III) of Definition 1.9.
If K1 = δ, then these points are not very significant, but they are true.
Namely, Lemma 2.16 applies; in particular K2 = δ and points (1–3) are
clear. But the point of that lemma is that we have admissibility.
So we suppose
K1 ≤ 2.
By Lemma 2.8, we have
K2 ≥ δ − 1.
In particular, points (1, 2) are again clear.
By Lemma 2.10, we have
C ≥ 2δ + 2.
For point (3), the hypothesis K1 + 2K2 = 2δ − 1 with K2 ≥ δ − 1 entails
K2 = δ − 1 and K1 = 1. But then K2 6= δ and Lemma 2.11 give C ≥ 2δ + 3,
as required.
This disposes of points (1–3).
The final point concerns admissibility under the assumption C 0 = C + 1.
By Lemma 2.17, it suffices to check admissibility of (δ, K1 , K2 , C, C 0 ),
First, we show
C > 2δ + K1 .
Namely, as C ≥ 2δ + 2 and K1 ≤ 2, the inequality holds unless
C = 2δ + 2

K1 = 2

But this combination of parameters is incompatible with Lemma 2.11.
Thus, we find ourselves in case (III) of Definition 1.9. Then the definition
of admissibility, given δ ≥ 3, reduces to points (1–3) above, and the following.
(4)

If C 0 > C + 1 then C ≥ 2δ + K2 .

So if C 0 = C + 1 this condition falls away.
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Proposition 2.19. Let Γ be an infinite primitive metrically homogeneous
graph of diameter 3 and generic type, with associated parameters
(δ = 3, K1 , K2 , C, C 0 , S)
Then the parameters (δ, K1 , K2 , C, C 0 , S) are admissible.
Proof. We have K1 ≤ 2 or K1 = δ since δ = 3.
Therefore, by Corollary 2.18, it suffices to check the condition
C0 = C + 1
in the case K1 ≤ 2.
If C ≥ 3δ then C 0 = C + 1 by definition.
By Lemma 2.10 we have C ≥ 2δ + 2 = 3δ − 1, so it suffices to treat the
case C = 2δ + 2. But in this case, by Lemma 2.11 we have C 0 = C + 1. 

3. Which triangles are forbidden?
In this section, we prove the following.
Proposition 3.1. Let Γ be a primitive metrically homogeneous graph of
generic type with associated parameters (δ, K1 , K2 , C, C 0 , S), where
δ=3
Then the triangles which embed into Γ are precisely the triangles which belong
to the class AδK1 ,K2 ,C,C 0 .
We recall that the triangles in AδK1 ,K2 ,C,C 0 are the ones which do not
belong to the set T (K1 , K2 , C, C 0 ) specified in Definition 1.10.
In one direction, we will not require the hypothesis δ = 3.
3.1. Forbidden triangles. The first part of Proposition 3.1 may be stated
more generally as follows. Recall that we have definitions of the parameters
K1 , K2 , C, C 0 , S which apply to any metrically homogeneous graph of generic
type (Definition 2.1).
For δ = 3, we know these parameters are admissible. In general, we do
not know this—it is part of the main conjecture.
Proposition 3.2. Let Γ be a primitive metrically homogeneous graph of
generic type with associated parameters (δ, K1 , K2 , C, C 0 , S). Suppose also
the following condition is satisfied.
If C 0 > C + 1, then C ≥ 2δ + K2 .
If a triangle embeds isometrically in Γ, then that triangle belongs to the class
AδK1 ,K2 ,C,C 0
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Lemma 3.3. Let Γ be a primitive metrically homogeneous graph of generic
type with associated parameters (δ, K1 , K2 , C, C 0 , S). Suppose also
If C 0 > C + 1, then C ≥ 2δ + K2
Suppose a triangle of perimeter p ≡  (mod 2) ( = 0 or 1) embeds isometrically in Γ. Then
p < C
Proof. Let the triangle type (i, j, k) with i ≥ j ≥ k provide a counterexample,
with perimeter
p = i + j + k,
and suppose k is minimal. Then by hypothesis p ≥ C , and by definition we
have p 6= C . Since
p ≡ C (mod 2),
we have p ≥ C + 2.
If k = 1, then p ≤ 2δ + 1 < C by Lemma 2.10. So k > 1.
Let (a, b, c) be a triangle of type(i, j, k) in Γ, with
d(a, b) = i, d(a, c) = j, d(b, c) = k
Take c0 adjacent to c on a geodesic from b: d(b, c0 ) = k − 1, d(c0 , c) = 1. Let
j 0 = d(a, c0 ), and consider the triangle (a, b, c0 ) of type
(i, j 0 , k − 1)

The perimeter p0 = i + j 0 + (k − 1) satisfies p0 ≥ p − 2 ≥ C so by the
minimality of k we cannot have p0 ≡ p (mod 2). Therefore j 0 = j, p0 = p−1,
and the triangle (a, c, c0 ) has type (1, j, j). In particular j ≤ K2 .
Now by minimality of k we have p0 < C0 with 0 = 1−, and thus C +1 ≤
0
p < C0 , so C 0 = C0 > C + 1. Then by hypothesis C = C ≥ 2δ + K2 . But
p = i + j + k ≤ 2δ + j ≤ 2δ + K2 ≤ C , a contradiction.

Lemma 3.4. Let Γ be a primitive metrically homogeneous graph of generic
type with associated parameters (δ, K1 , K2 , C, C 0 , S). Suppose a triangle of
type (i, j, k) and odd perimeter p embeds isometrically into Γ. Then
(1) p ≥ 2K1 + 1;
(2) i + j ≤ 2K2 + k.
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Proof. The first claim follows by Fact 2.7. We deal with point (2).
Suppose that (a, b, c) is a triangle of type (i, j, k) with odd perimeter, and
with
i + j > 2K2 + k
chosen so that k is minimal. We may suppose that
d(a, b) = i, d(a, c) = j, d(b, c) = k
Let c0 be adjacent to c on a geodesic from b to c, so d(b, c0 ) = k − 1 and
d(c0 , c) = 1. Consider the triangle (a, b, c0 ) of type
(i, j 0 , k − 1)
with j 0 = d(a, c0 ).

If j 0 = j ± 1 then the perimeter p0 = i + j 0 + k − 1 is again odd and hence
by minimality of k we have
i + j 0 ≤ 2K2 + (k − 1)
i + j ≤ i + (j 0 + 1) ≤ 2K2 + k
and we have a contradiction.
So j 0 = j and (a, c, c0 ) is of type (1, j, j). Hence j ≤ K2 and we have
i + j ≤ (j + k) + j ≤ 2j + k ≤ 2K2 + k


again a contradiction.

Proof of Proposition 3.2. We consider a triangle of type (i, j, k) and perimeter p = i+j +k embedding into Γ. The claim is that this triangle is not in the
set of forbidden triangles T (δ, (K1 , K2 ), (C0 , C1 )). According to Definition
1.10, we must check the following conditions.
• If p is odd:
p ≥ 2K1 + 1
p < C1

p ≤ 2K2 + 2 min(i, j, k)

• If p is even:
p < C0
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Lemma 3.3 has the same hypotheses on Γ as the proposition, and yields
the appropriate inequality p < C with p ≡  (mod 2).
Lemma 3.4 has fewer conditions on Γ, and applies in the case of odd
perimeter to yield the first pair of constraints, with the constraint corresponding to K2 written in the form
i + j < 2K2 + k.
Permuting the entries i, j, k gives
p < 2K2 + 2 min(i, j, k)
which appears to be stronger than we require, but as p is odd, equality is
impossible, so this is just another way of expressing the condition required.

We remark that the side condition used here (namely, if C 0 > C + 1
then C ≥ 2δ + K2 ) is something that one would aim eventually to prove if
C > 2δ + K1 , and to dispense with if C ≤ 2δ + K1 , but the result as stated
will cover our needs in case δ = 3.
3.2. Realized Triangles. Now we wish to prove a complementary result.
Proposition 3.5. Let Γ be a primitive metrically homogeneous graph of
generic type with associated parameters (δ, K1 , K2 , C, C 0 , S), where
δ = 3.
Then any triangle in

AδK1 ,K2 ,C,C 0

embeds isometrically in Γ.

We resort to completely ad hoc considerations.
Lemma 3.6. Let Γ be a primitive metrically homogeneous graph of generic
type with associated parameters (δ, K1 , K2 , C, C 0 , S), where
δ=3
Then any triangle of even perimeter p < C embeds in Γ.
Proof. As δ = 3 there are few cases, particularly after we set aside the
geodesics, of types (1, 1, 2) and (1, 2, 3).
If p ≤ 6 then the type is (2, 2, 2), and this embeds into Γ1 since Γ1 contains
an infinite independent set, hence embeds into Γ.
The only other possibility is p = 8, with C > 8. As C > 8, some triangle of
perimeter 8 is realized, and there is only one such type, namely (2, 3, 3). 
Lemma 3.7. Let Γ be a primitive metrically homogeneous graph of generic
type with associated parameters (δ, K1 , K2 , C, C 0 , S), where
δ=3
Then any triangle of type (i, j, k) with odd perimeter p < C which satisfies
both of the following conditions embeds isometrically in Γ.
• p ≥ 2K1 + 1;
• p ≤ 2K2 + 2 min(i, j, k).
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Proof. We suppose i ≤ j ≤ k, and consider all cases according to the value
of i.
Case 1: i = 1.
Then the triangle has type (1, j, j) with K1 ≤ j ≤ K2 .
If j = K1 or K2 then a triangle of type (1, j, j) embeds into Γ by the
definition of K1 , K2 respectively.
In the remaining case K1 = 1, j = 2, and K2 = 3. By Fact 2.4, Γ2
contains an edge, so Γ contains a triangle of type (1, 2, 2).
Case 2: i > 1.
Then the triangle type is (i, i, 3) with i ≥ 2, and the perimeter is p = 2i+3.
The assumption C > p implies that some triangle of this perimeter occurs
in Γ. If this triangle is not of the required type (i, i, 3) then we must have
i = 2 and a triangle of type (1, 3, 3) embeds into Γ.
So suppose that Γ3 contains an edge, but there is no triangle of type
(2, 2, 3) in Γ. Fix u ∈ Γ2 , and v ∈ Γ3 adjacent to u. For any neighbor v 0 of
v in Γ3 , we have d(u, v 0 ) ≤ 2 and hence d(u, v 0 ) = 1; otherwise, the triangle
formed by u, v 0 , and the base point has type (2, 2, 3). But Γ3 is connected
(Fact 2.2) and it follows that Γ3 is contained in Γ1 (u).
On the other hand there is w ∈ Γ1 at distance 3 from a vertex of Γ3 , and
w has a neighbor w0 in Γ2 , at distance at least 2 from that same vertex,
which is a contradiction.

Proof of Proposition 3.5. We consider a triangle of type (i, j, k) and perimeter p = i + j + k which is in
AδK1 ,K2 ,C,C 0
According to Definition 1.10, we have the following conditions.
• If p is odd:
p ≥ 2K1 + 1
p < C1

p ≤ 2K2 + 2 min(i, j, k)

• If p is even:
p < C0
Recall that C 0 = C + 1 in all cases, as δ = 3 (Proposition 2.19 and Lemma
1.11).
Thus p < C, and then Lemma 3.6 applies when p is even, and Lemma 3.7
applies when p is odd.

Proof of Proposition 3.1. Propositions 3.2 and 3.5
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4. Identification of Γ: K1 = 3 or C = 8
We proceed to the final phase of the classification of the metrically homogeneous graphs of diameter 3.
So far, we have seen that it suffices to deal with graphs which are of generic
type, and primitive. We must show these are of the form
ΓδK̃,C̃,S
for admissible sets of parameters, defined in general terms in Definition 1.9,
and in terms of an explicit list of possibilities in Table 3. We are coming to
the point where we need to deal with this list of possibilities on an individual
basis.
We showed in Proposition 2.19 that the parameters associated with a
primitive metrically homogeneous graph Γ of diameter 3 and generic type
are admissible. We showed in Proposition 3.1 that the triangles embedding
into Γ are precisely the triangles embedding into ΓδK̃,C̃,S .
Of course, our classification conjecture amounts to the statement that
the classes of finite metric spaces embedding isometrically
into Γ or ΓδK̃,C̃,S coincide,
so what we have proved so far is that the required statement holds for triangles. This gives us a good start toward an inductive proof of the general
case.
In proving that for any finite metric space A of diameter at most 3, A embeds isometrically into Γ iff A embeds isometrically into ΓδK̃,C̃,S , we will not
proceed by induction on the order of A, but by induction on more significant
structural parameters which take into account the special importance of the
values 1 and 3 (δ) for the metric. We must consider 1 and δ as exceptional
values of the metric, even if they are most of the available values when δ = 3.
Thus our prior treatment of triangles is not quite the basis for our induction, but it is a very robust point of departure.
It is now time to make a further subdivision of the cases according to
“large” and “small” values of K1 or C. Here (as previously in the present
article) K1 is small if it is at most 2, and large if it is δ (i.e., 3). Similarly C
is small if it is at most 2δ + 2 (8) and large if it is at least 3δ (9).
The fact that this case division is exhaustive appears to be one of the
more helpful features of the case δ = 3.
We now divide the remainder of the analysis into two cases, as follows.
• K1 large or C is small (these two cases turn out to be related)
• K1 small and C is large.
§4 is devoted to the first of these cases, and §5 is devoted to the second
case.
4.1. K1 = 3 vs. C = 8: exploiting ambiguity. Our main objective now
is the following.
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Proposition 4.1. Let Γ be a primitive infinite metrically homogeneous graph
of diameter 3, with K1 = 3. Then
Γ∼
= Γ3
3,3,10,11

is the generic graph of this type. (S = ∅ and is therefore omitted from the
notation here.)
We recall Corollary 1.5: if Γ is infinite and of finite diameter, it is of
generic type.
For ease of reference, we find it convenient to include the hypothesis of
generic type explicitly in the lemmas below, but to omit it in the statement
of the main result.
We show first that Proposition 4.1 will also dispose of the case C = 8. This
depends on an essential ambiguity: one cannot actually distinguish the space
corresponding to K1 = 3 from the space corresponding to C = 8, when these
are presented as labeled graphs (relational structures) whose labels may be
permuted. Similar phenomena occur for any δ ≥ 3, but only in very special
cases [Cou16].
Corollary 4.2. Let Γ be a primitive infinite metrically homogeneous graph
of diameter 3, with C = 8. Then
Γ∼
= Γ3
1,3,8,9

is the generic graph of this type.
Proof. As C = 8 and δ = 3 we have the following assumptions on triangle
types realized and omitted by Γ, bearing in mind that geodesics are realized
and that the triangle inequality is satisfied.
Realized Omitted
(1,1,2)
(1,1,3)
(1,2,3)
(2,3,3)
Recall by admissibility (and specifically, by Lemma 2.11) that Γ also contains triangles of type
(1, 3, 3)
~
Let Γ be the structure derived from Γ by cyclically permuting the relations, replacing the relations d(x, y) = 1, 2, 3 by d(x, y) = 2, 3, 1 respectively.
Any permutation of the language produces another infinite primitive homogeneous structure for the same language—though not, in general, a metric
space.
Then the known constraints on ~Γ are the following.
Realized Omitted
(2,2,3)
(1,2,2)
(1,2,3)
(1,1,3)
(1,1,2)
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In particular we see from the omission of (1, 1, 3) that ~Γ is in fact a
metric space, and from the presence of all geodesics that it is a metrically
homogeneous graph. So we have the following.
Claim. The derived structure ~Γ is a primitive, infinite, metrically homogeneous graph of diameter 3.
~ 1 for the value of K1 associated to ~Γ, we claim
Writing K
~1 = 3
K
~ 1 ≥ 3. On
As triangles of type (1, 2, 2) do not occur, Fact 2.4 states that K
~ 1 is finite (otherwise, ~Γ would be bipartite
the other hand ~Γ is primitive, so K
~
by Fact 2.7). Therefore K1 = 3.
So ~Γ satisfies the conditions of Proposition 4.1, and is therefore uniquely
determined. It follows that Γ is also uniquely determined, and this suffices.

4.2. The structure of Γ2 .
Notation. For the remainder of §4, let Γ denote an infinite primitive metrically homogeneous graph of diameter 3 and generic type, with K1 = 3, except
where greater generality is explicitly stated.
We know that
K1 = K2 = 3
C = 3δ + 1 = 10
C 0 = C + 1 = 11
S=∅
In fact we have a similar statement for δ ≥ 3 (Lemmas 2.14, 2.16). But
in the case δ = 3, we also have a precise determination of the triangles
embedding in Γ—and many other simplifications, as we shall see.
Namely, by Proposition 3.1, the triangles embedding in Γ are all the triangles of Aδδ,δ,3δ+1,3δ+2 with δ = 3, i.e., all triangles with the exception of
the triangles of odd perimeter less than 2δ + 1. Thus with δ = 3, the only
forbidden triangles are those of types
(1, 1, 1) and (1, 2, 2)
As S is empty, Proposition 4.1 comes down to the following.
Proposition 4.3. With Γ as stated, let A be a finite integer-valued metric space of diameter at most 3, containing no triangles of type (1, 1, 1) or
(1, 2, 2). Then A embeds into Γ.
We will proceed in the proof by induction on the number of edges (at
distance 1) in A, and then on the cardinality |A|. We begin with the case
in which there is no such edge in A; and later we will also need to treat the
case in which there is exactly one such edge, before tackling the general case
by an inductive argument.
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Lemma 4.4. With Γ as stated, let A be a finite metric space in which all
distances are 2 or 3. Then A embeds into Γ.
Our method of proof for Lemma 4.4 will be to determine the structure of
Γ2 , which is a homogeneous metric space in which only the distances 2 and
3 occur. We will show in fact that A embeds into Γ2 .
Lemma 4.5. Let Γ be an infinite primitive metrically homogeneous graph of
generic type and diameter δ ≥ 3. Then Γ2 is primitive.
Proof. If K1 ≤ 2, then this holds by Fact 2.2. So we may assume
K1 ≥ 3
Then the only distances occurring between vertices in Γ1 and in Γ2 are 1
and 3. The distances occurring in Γ2 are among 2, 3, 4.
Suppose now that Γ2 is imprimitive, and let ∼ be a maximal nontrivial
Aut(Γ2 )-invariant equivalence relation on Γ2 .
Claim 1. For u ∈ Γ1 , the set Iu of all neighbors of u in Γ2 is a set of
representatives for the equivalence relation ∼.
As K1 > 1, by Fact 2.5, Γ2 is connected with respect to the distance 2.
Therefore any points at distance 2 belong to distinct ∼-equivalence classes,
and the elements of Iu lie in distinct ∼-classes.
For v ∈ Iu and v ∼ v 0 in Γ2 , we have d(u, v 0 ) 6= 1, so d(u, v 0 ) = 3. By
metric homogeneity, whenever v 0 ∈ Γ2 and d(u, v 0 ) = 3, then v 0 is equivalent
to some element of Iu .
Thus Iu is a set of representatives for the ∼-classes on Γ2 .
Claim 2. The ∼-classes on Γ2 have order 2.
Fix an equivalence class A in Γ2 .
For v ∈ Γ2 , let Jv be the set of neighbors of v in Γ1 . Then the sets Jv for
v ∈ A are pairwise disjoint.
If |A| ≥ 3, take v, w, w0 ∈ A and distinct u1 , u2 ∈ Jw , u02 ∈ Jw0 . Then
(v, u1 , u2 ) and (v, u1 , u02 ) are isometric, with distances (3, 3, 2), but there is
no automorphism taking one triple to the other.
This proves the claim.
Since the ∼-classes have order 2, the relation ∼ corresponds to a fixed
distance d (either 3 or 4) in Γ2 . Furthermore, for any ∼-class A, the sets
(Jv | v ∈ A) partition Γ1 into two classes.
Claim 3. The distance between inequivalent pairs in Γ2 is always 2.
Let v, w ∈ Γ2 be distinct.
If Jv meets Jw , then d(v, w) = 2.
If Jv ⊆ Jw then by homogeneity and symmetry, Jv = Jw . As d(v, w) = 2,
and Γ2 is connected with respect to the relation d(x, y) = 2, it then follows
that Jv is independent of the choice of v in Γ2 . But any two vertices in Γ1
lie in Jv for some v ∈ Γ2 , so this is a contradiction.
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If Jv and Jw are disjoint, and w0 is the vertex paired with w by the relation
∼, then Jv ⊆ Jw0 . Hence we must have v = w0 .
Thus for inequivalent vertices v, w ∈ Γ2 , the sets Jv and Jw meet, and
d(v, w) = 2.
Claim 4. K1 ≥ 4.
Suppose on the contrary that there is an edge (v1 , v2 ) in Γ3 .
Take u ∈ Γ1 with d(u, v1 ) = 2. Then Γ1 \ {u} is contained in Γ2 (u), as is
v1 .
By homogeneity, Γ2 (u) carries an equivalence relation with classes of order
2, and with all distances between inequivalent vertices equal to 2.
Hence v1 is at distance 2 from all but at most one point in Γ1 .
The same applies to v2 , so there is a point u ∈ Γ1 with d(u, v1 ) =
d(u, v2 ) = 2, and hence we find a triangle of type (1, 2, 2), for a contradiction.
So K1 ≥ 4. In particular, δ ≥ 4.
Now we reach a final contradiction. Take a vertex u in Γ3 , and a neighbor
v in Γ2 . The vertex u has infinitely many neighbors in Γ4 , by Fact 2.6. Thus
Γ2 (v) contains infinitely many points in Γ4 .
By homogeneity, in Γ2 (v) each vertex a lies at distance 4 from at most
one other vertex. But the chosen basepoint for Γ lies in Γ2 (v), at distance 4
from all vertices in Γ2 (v) ∩ Γ4 . This is a contradiction.

Lemma 4.6. Let Γ be a primitive metrically homogeneous graph of diameter
δ ≥ 3 and generic type, with K1 = 3. Then Γ3 is not bipartite.
Proof. There is an edge in Γ3 by hypothesis, so Γ3 is connected, by Fact 2.2.
Thus if Γ3 is bipartite it has well-defined halves.
For u ∈ Γ2 , as K1 > 1 the neighbors of u in Γ3 lie at mutual distance 2,
and hence pick out one of the two halves of Γ3 . As Γ2 is primitive, this gives
a contradiction.

Now we return to the case δ = 3.
Lemma 4.7. Let Γ be a primitive metrically homogeneous graph of diameter
3 and generic type, with K1 = 3. Then Γ2 is a homogeneous universal graph
with respect to the edge relation d(x, y) = 2.
(d)

Proof. We use the notation In for a set of n points with mutual distance d.
The metric space Γ2 is a primitive homogeneous metric space with dis(2)
tances 2 and 3, and contains the space I∞ , since any vertex in Γ1 will
have infinitely many neighbors in Γ2 . By the classification of homogeneous
(3)
graphs, it suffices to show that Γ2 also contains In for all n. We proceed by
(3)
induction on n. We may suppose n ≥ 3, and In−1 embeds into Γ2 . By the
(3)

classification of homogeneous graphs, any In -free finite metric space with
distances 2, 3 embeds into Γ2 , and hence into Γ.
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(3)
Consider the following amalgamation, where A ∼
= In−2 .

d(a, u1 ) = 2 (a ∈ A)
d(a, u2 ) will be determined

The auxiliary vertices u1 , u2 block the possibilities that d(a1 , a2 ) = 1 or
2 (since K1 = 3), leaving only the value d(a1 , a2 ) = 3 available. But if we
(3)
complete the diagram with d(a1 , a2 ) = 3, then we have Aa1 a2 ∼
= In , and
Aa1 a2 ⊆ Γ2 (u1 ), and the induction step is complete.
So it suffices to show that the factors of this amalgam are in Γ.
Assuming for the moment that all distances d(a, u2 ) with a ∈ A are equal
to 2 or 3, then the first factor, A ∪ {a1 , u1 , u2 }, has all of its distances equal
(3)
to 2 or 3, and contains no copy of In , so by induction embeds into Γ, as
remarked above (regardless of how the metric is chosen between u2 and A).
The second factor, A ∪ {a2 , u1 , u2 }, is constructed by amalgamating the
configuration A ∪ {a2 , u1 } with {a2 , u1 , u2 } over {a2 , u1 } to determine the
distances d(a, u2 ) for a ∈ A. The element a2 ensures that these distances are
all 2 or 3. The factors of this amalgamation are a geodesic triangle of type
(1, 2, 3), and a configuration isomorphic to the configuration A ∪ {a1 , u2 }
which is contained in the first factor.

Proof of Lemma 4.4. By Lemma 4.7.



4.3. Minimizing edges. For the remainder of §4, we suppose the following.
Γ is an infinite primitive metrically homogeneous graph of
diameter 3, with K1 = 3.
We recall (Corollary 1.5) that Γ is then of generic type.
If A is a finite metric space, we write e(A) for the number of unordered
pairs u, v in A with d(u, v) = 1. We consider a hypothetical finite metric
space A with distances 1, 2, 3 which omits triangles of type (1, 1, 1) and
(1, 2, 2), but nonetheless is not isometrically embedded in our graph Γ.
We have shown in Lemma 4.4 that necessarily
e(A) ≥ 1.
We will deal subsequently with the case e(A) = 1. Now we reduce the general
case to this case.
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Lemma 4.8 (Reduction to e(A) = 1). Let Γ be an infinite primitive metrically homogeneous graph of diameter 3 with K1 = 3. Suppose that every finite
metric space A with distances among 1, 2, 3 and with the following properties
embeds isometrically into Γ.
(1) A contains no triangle of type (1, 2, 2).
(2) e(A) = 1.
Then every finite metric space A with distances among 1, 2, 3 which contains
no triangle of type (1, 1, 1) or (1, 2, 2) embeds isometrically into Γ.
Proof. We consider a counterexample A with e(A) minimal, and we minimize
|A|. We view A as a graph with the usual edges given by d(x, y) = 1, so that
e(A) is the number of edges.
By Lemma 4.4 and our hypothesis, we have
e(A) ≥ 2.
Claim 1. Every vertex of A lies on at most one edge.
Suppose on the contrary that a ∈ A is adjacent to distinct a1 , a2 . Let
A0 = A \ {a, a1 , a2 }. Then d(a1 , a2 ) = 2 and this is the unique possibility
(when amalgamating A0 ∪ {a, a1 } with A0 ∪ {a, a2 } over A0 ∪ {a}), unless it
is possible to identify a1 , a2 .
To prevent the latter, adjoin c with d(c, a1 ) = 2 and d(c, x) = 3 otherwise.
Consider the following amalgamation.

This forces the configuration A, and the factors have fewer edges, hence
are in Γ by induction.
Thus the edges of A must be disjoint, as claimed.
Claim 2. If A contains two distinct edges (a1 , a2 ) and (b1 , b2 ), then d(ai , bj ) =
3 for i, j = 1, 2.
By Claim 1 the edges are disjoint, and none of the distances d(ai , bj ) can
equal 1. Our claim is that none of these distances can equal 2.
Suppose toward a contradiction that
d(a2 , b1 ) = 2
Then d(a1 , b1 ) = 3, since a1 lies on a unique edge and A contains no triangle
of type (1, 2, 2).
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We may view this configuration as an amalgamation problem to determine
the distance d(a1 , b1 ) by amalgamating over a base A0 ∪ {a2 , b2 }, but this
amalgamation problem has the alternate solution d(a1 , b1 ) = 1. So we extend
the diagram by an additional vertex c blocking this possibility.

d(c, a2 ) = d(c, b2 ) = 3
A0 = A \ {a1 , a2 , b1 , b2 }

As Γ does not contain a triangle of type (1, 2, 2), this forces d(a1 , b1 ) = 3.
Since the factors of this amalgamation have fewer edges, they embed into Γ.
It follows that A embeds into Γ, a contradiction.
This proves our second claim.

Now to prove the lemma, we fix two edges (a1 , a2 ) and (b1 , b2 ). These
must be disjoint, with d(ai , bj ) = 3 for i, j = 1, 2. We consider the following
amalgamation, with A0 = A \ {a1 , a2 , b1 , b2 }, and with two auxiliary vertices
c1 , c2 , preventing the options d(a1 , b1 ) = 1 or 2.

d(ci , a) = 3 (a ∈ A0 )
d(ci , a2 ) = 3
d(c1 , b2 ) = 2
d(c2 , b2 ) = 3
d(c1 , c2 ) = 3

Here A0 is present but not shown.
It suffices to check that the factors of this amalgamation embed into Γ
(again, A0 is present but not shown):
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The factor omitting b1 has fewer edges than A, so induction applies.
The factor omitting a1 has the same number of edges as A, and the edges
are not disjoint, so Claim 1 applies.

4.4. The case e(A) = 1.
Lemma 4.9. Let Γ be a metrically homogeneous graph of diameter 3 with
K1 = 3. Let A be a finite configuration containing a unique edge (a1 , a2 ) and
no triangle of type (1, 2, 2).
(1) If A does not embed into Γ then there is at least one vertex b ∈ A
with d(a1 , b) = 2.
(2) If in addition |A| is minimized, then there is exactly one vertex b ∈ A
with d(a1 , b) = 2.
Proof.
Ad (1):
Suppose that there is no vertex b at distance 2 from a1 ; that is, all the
distances d(a1 , b) with b ∈ A0 = A \ {a1 , a2 } are equal to 3.
Consider the following amalgamation over a2 c1 c2 .

d(c1 , a2 ) = 2
d(c2 , a2 ) = 3

This forces the configuration A, so it suffices to check that the factors
embed isometrically into Γ.
The factor omitting a1 has no edges and thus embeds into Γ.
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The factor omitting A0 has the following form.

(1)
Over a1 as base point, this means we are taking a vertex v ∈ Γ2 and
looking for two vertices in Γ1 at distance 3 from v.
There is at least one such vertex, since the corresponding triangle is a
geodesic.
Suppose toward a contradiction that for each vertex v ∈ Γ2 there is a
unique vertex v 0 in Γ1 at distance 3 from v. As Γ2 is primitive (Lemma 4.5),
and Γ1 is not a singleton, this gives a bijection between Γ2 and Γ1 . Hence
all pairs in Γ2 should lie at the same distance. But two distances occur.
So at least one such vertex b exists.
Ad (2):
Now suppose that |A| is minimal. We must show that the vertex b is
unique. Suppose that d(a1 , b1 ) = d(a1 , b2 ) = 2 with b1 , b2 distinct. Consider
the following amalgamation over {a1 , c}∪A0 , where A0 = A \ {a1 , a2 , b1 , b2 }.

d(c, a1 ) = 3
d(c, b1 ) = 2
d(c, x) = 3 (x ∈ A0 )

Note that d(a2 , bi ) = 3 for i = 1, 2, so this amalgamation forces a copy of
A into Γ.
Now the factor omitting a2 has no edges, and the factor omitting b1 , b2
again has a unique edge, and is smaller, hence lies in Γ. Thus we reach a
contradiction, and the vertex b is unique.

Now we take up the proof of Proposition 4.3, dealing by an amalgamation
argument with the crucial remaining case.
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Proof of Proposition 4.3.
By assumption Γ is primitive metrically homogeneous of generic type with
K1 = K2 = δ = 3, C = 10, C 0 = 11. We consider a finite metric space A
with distances among 1, 2, 3, which contains no triangles of types (1, 1, 1) or
(1, 2, 2). Our claim is that A embeds isometrically into Γ.
By Lemma 4.8 we may suppose e(A) = 1. Subject to this constraint, we
take |A| minimal. Let (a1 , a2 ) be the unique edge in A.
By Lemma 4.9, there is a unique vertex b1 in A with d(a1 , b1 ) = 2, and
a unique vertex b2 in A with d(a2 , b2 ) = 2. As there is no triangle of type
(1, 2, 2) in A, we have b1 6= b2 .
Let A0 = A \ {a1 , a2 , b1 , b2 }.
Then A has the following structure.

d(b1 , b2 ) = 2 or 3

Suppose first that |A| ≥ 5, and thus
A0 6= ∅
Adjoin elements c1 , c2 with
d(ci , x) = 2 (x ∈ A0 )
d(ci , bj ) = 3 (i, j = 1, 2)
d(c1 , a1 ) = d(c2 , a2 ) = 1
d(c1 , a2 ) = d(c2 , a1 ) = 2
d(c1 , c2 ) = 3
Amalgamate
A0 ∪ {b1 , b2 , c1 , c2 } with {a1 , a2 } ∪ {b1 , b2 , c1 , c2 } over {b1 , b2 , c1 , c2 }
For x ∈ A0 and i = 1, 2 the elements c1 , c2 prevent d(ai , x) = 1 or 2, so in the
amalgam necessarily d(ai , x) = 3. Thus if the factors embed isometrically in
Γ, then A embeds isometrically in Γ.
The factor in this amalgamation omitting (a1 , a2 ) contains no edges, and
hence embeds into Γ. It remains to consider the factor omitting A0 .
The factor omitting A0 has the following form.
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d(ci , bj ) = 3 (i, j = 1, 2)

Furthermore, the distance d(a1 , c2 ) is forced to be 2, so it suffices to treat
the two factors obtained by omitting c2 or a1 respectively.
These are as follows.

In factor (I) the distance d(c1 , a2 ) is forced to be 2, as otherwise (a1 , a2 , c1 )
has type (1, 1, 1), and thus this reduces to two factors of order 4.
The factor of (I) omitting a2 has the unique edge (c1 , a1 ), and no vertex
at distance 2 from c1 . So Lemma 4.9 applies.
The factor of (I) omitting c1 corresponds to the case |A| = 4 and will be
dealt with below under that heading.
In factor (II) there is no vertex v with d(c2 , v) = 2, so Lemma 4.9 applies.
Thus we come down to the case |A| = 4. Then the structure of A is as
follows.
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Adjoin c with d(c, x) = 2, 3, 2 for x = a1 , a2 , b2 and with d(c, b1 ) = 2 or 3,
the last to be determined momentarily. Consider the following amalgamation
over a2 b1 c.

Here the vertices a2 and c ensure that d(a1 , b2 ) = 3.
In this amalgamation, the factor omitting a1 has no edges. The factor
omitting b2 has the following form, with i = 2 or 3, to be determined.

With a2 as base point, take a1 ∈ Γ1 . We require two vertices v1 , v2 in Γ3
with d(a1 , v1 ) = d(a1 , v2 ) = 2 (then the distance i = d(v1 , v2 ) will necessarily
be 2 or 3).
If two such vertices v1 , v2 cannot be found, then each a ∈ Γ1 determines
a unique a0 ∈ Γ3 by the condition d(a, a0 ) = 2. As Γ1 is primitive, this gives
a bijection
Γ1 ↔ Γ3
But Γ3 realizes three distinct distances, and this gives a contradiction to
homogeneity.
This completes the proof.

Now Proposition 4.1 follows from Proposition 4.3.
5. Identification of Γ: K1 ≤ 2 and C ≥ 9
5.1. Statement of the Problem. If Γ is a metrically homogeneous graph
of diameter 3, then it has been identified as a member of our catalog in the
following exceptional cases.
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(1) Γ is not of generic type, hence imprimitive (antipodal or bipartite)
or finite;
(2) Γ is infinite and primitive, with K1 = 3;
(3) Γ is infinite and primitive, with C = 8
In the remaining cases, which are the most typical ones, we have all of the
following conditions.
(1) Γ is infinite, primitive, of generic type;
(2) K1 = 1 or 2;
(3) K2 = 2 or 3;
(4) C = 9 or 10.
We will again show that the graph is in our catalog. We recall the table
of possibilities (Table 3), cut down to the remaining cases.
Type
Case K1 K2
C
C0
S
Primitive (III) 1
2 9 or 10 C + 1 cliques and
anticliques
2 9 or 10 C + 1 anticliques
"
(III) 2
"
(III) 1
3 9 or 10 C + 1
"
(III) 2
3 9 or 10 C + 1 Anything not
involving a 3-clique
Our assumptions on the parameters can be expressed more succinctly as
follows: no forbidden triangle involves distance 2.
Our goal is the following.
Proposition 5.1. Let Γ be an infinite primitive metrically homogeneous
graph of diameter 3 (and, therefore, generic type) with parameters
K1 , K2 , C, C 0 , S.
Suppose that K1 ≤ 2 and C ≥ 9. Then
Γ∼
= Γ3

K1 ,K2 ,C,C+1,S

This may be rephrased as follows.
If the forbidden triangles are all (1, δ)-spaces, then the minimal constraints are all (1, δ)-spaces. In other words, the
amalgamation class allows free amalgamation with distance
2 used as the “default” value of the distance.
Thus the problem is one which we can expect to treat by a uniform
method. The proof strategy will be inductive: we must introduce a suitable measure of complexity according to which any forbidden configuration which is not a (1, δ)-space can be reduced to some “simpler” forbidden configuration—here “simpler” does not necessarily mean smaller, but we
should ensure that the reduction process terminates.
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Recall from Proposition 3.1 that the triangles embedding isometrically in
Γ are those occurring in A3K1 ,K2 ,C,C 0 .
The choice of parameters K1 , K2 , C ensures that these forbidden triangles are also (1, δ)-spaces, so that the minimal forbidden configurations for
ΓδK1 ,K2 ,C,C+1,S are just the forbidden (1, δ)-spaces.
This allows us to give an argument with a reasonable degree of uniformity
across the 8 cases corresponding to various specifications of the numerical
parameters K1 , K2 , C in our table.
5.2. A Uniqueness Case. We now treat an important case in an inductive framework. All metric configurations under consideration here have
distances among 1, 2, 3. We will not repeat this point.
Lemma 5.2. Let Γ be an infinite primitive metrically homogeneous graph of
diameter 3 and generic type with K1 ≤ 2 and C ≥ 9. Let A be a (1, 3)-space
which embeds into Γ with |A| ≥ 3, and B ⊇ A finite. Suppose the following
conditions are satisfied.
(1) Any (1, 3)-subspace of B other than A has order less than |A|, and
embeds isometrically in Γ; in particular, the triangles of B embed
isometrically in Γ (Proposition 3.5).
(2) Any configuration whose (1, 3)-spaces embed into Γ, for which all of
the (1, 3)-spaces involved have order less than |A|, itself embeds into
Γ.
Then the configuration B embeds into Γ.
Proof. We proceed by induction on |B|.
We may suppose that B 6= A. Fix b ∈ B \ A. Our hypothesis (1) on B
implies that we can choose distinct a1 , a2 ∈ A for which
d(a1 , b) = d(a2 , b) = 2
as otherwise we have another (1, 3)-subspace of B of the same size as A. Let
B0 = B \ {a1 , a2 , b}.
Adjoin additional points c1 , c2 satisfying the following.
d(c1 , a1 ) = d(c2 , a1 ) = 1
d(c1 , b) = 1,

d(c2 , b) = 3

d(c1 , x) = d(c2 , x) = 2 (x ∈ B0 )
d(c1 , c2 ) = 2
We leave the distances d(c1 , a2 ) and d(c2 , a2 ) to be determined in the course
of the construction. Observe that any triangle whose distances have been
determined so far occurs in Γ, since any triangle involving at least one pair
at distance 2 embeds in Γ.
Once suitable factors are constructed, we take A0 = B0 ∪ {a2 , c1 , c2 } and
amalgamate A0 ∪ {a1 } with A0 ∪ {b}. The points c1 , c2 serve to ensure that
d(a1 , b) = 2 in the result, and thus we get a copy of B. So it remains to
construct the two factors appropriately.
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For the factor A0 ∪{a1 }, we determine the structure of (a2 , c1 , c2 ) by taking
the amalgamation of B0 ∪{a1 , a2 } with B0 ∪{a1 , c1 , c2 } over B0 ∪{a1 }. Here,
the factor omitting c1 , c2 is B \ {b}, which we suppose lies in Γ by induction
on |B|. The factor omitting a2 contains no (1, 3)-space of order |A| (recall
|A| ≥ 3), and all of its (1, 3)-subspaces occur in B, so by hypothesis they
embed in Γ, and this factor does as well. Thus the factor A0 ∪ {a1 } will
embed in Γ if the distances d(a2 , c1 ) and d(a2 , c2 ) are chosen appropriately.
We now turn to the factor A0 ∪ {b}, whose structure is as shown.

The (1, 3)-spaces occurring here are either contained in (a2 , b, c1 , c2 ), and
hence of cardinality at most 2, or are contained in B0 ∪ {a2 , b} = B \ {a1 }
and hence have cardinality at most |A| − 1. Hence by hypothesis this factor
embeds into Γ.
This completes the construction.

5.3. Inductive Parameters. Now we introduce some notions of complexity
for finite configurations A.
Definition 5.3.
(1) If G is a graph, let G0 denote the induced graph on the set of points
of G of degree at least 2.
(2) If A is an integral metric space of finite diameter δ,
(a) Let GA be the graph with vertex set A and edge relation given by
“d(x, y) = 1 or δ”;
(b) A0 is the metric structure induced by A on the points of (GA )0 .
(c) If GA is connected or complete, then we will say correspondingly
that A is (1, δ)-connected or (1, δ)-complete, respectively.
(d) ||A|| = max(|A0 | : A0 ⊆ A, A0 a (1, δ)-subspace)
Lemma 5.4. Let Γ be an infinite primitive metrically homogeneous graph
of diameter 3 and generic type with K1 ≤ 2 and C ≥ 9. Let A be a finite
configuration not embedding isometrically in Γ, but such that every triangle
or (1, 3)-space contained in A embeds isometrically into Γ. Suppose that A
is chosen to minimize ||A||, and subject to that, also minimizes |A0 |. Then
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(1) A0 is (1, 3)-complete.
(2) |A0 | ≤ 2.
Proof.
Ad (1):
Suppose first that a1 , a2 ∈ A0 are points with d(a1 , a2 ) = 2. Consider the
following amalgamation with auxiliary points c1 , c2 , where A0 = A\{a1 , a2 }.

The factors F have ||F || ≤ ||A|| and |F 0 | < |A0 |, we may conclude by
induction that they embed into Γ. Then the unique amalgam has d(a1 , a2 ) =
2 and hence contains a copy of A, for a contradiction.
So A0 is (1, 3)-complete. In particular, there is a unique maximal (1, 3)connected component of A containing A0 , and any other (1, 3)-connected
component of A consists of a single pair of points at distance 1 or 3.
Note also that ||A|| = |A0 |.
Ad (2):
Suppose |A0 | ≥ 3. Then A0 is the unique (1, 3)-subspace of A of order
greater than 2. We will apply Lemma 5.2 with (A, A0 ) in place of (B, A).
Let A∗ be any configuration whose (1, 3)-subspaces and triangles embed
into Γ, and whose (1, 3)-spaces are all of order less than |A0 |. Then ||A∗ || <
||A|| and thus A∗ embeds into Γ.
Hence Lemma 5.2 applies. Therefore A embeds into Γ. This contradiction
shows that |A0 | ≤ 2.

5.4. Structure of Γ2 . For the present subsection, we denote the parameters
associated to Γ2 by K̃1 , K̃2 , C̃. Our aim is the following.
Proposition 5.5. Let Γ be an infinite primitive metrically homogeneous
graph of diameter 3 with K1 ≤ 2, K2 ≥ 2, and C ≥ 9. Then Γ2 is an infinite
primitive metrically homogeneous graph of diameter 3 and generic type with
associated parameters K̃1 ≤ 2, K̃2 ≥ 2, and C̃ ≥ 9.
As usual, we note that Γ is of generic type, and we include this point
explicitly as a hypothesis in the following lemmas.
Lemma 5.6. Let Γ be an infinite primitive metrically homogeneous graph
of diameter 3 and generic type, with K1 ≤ 2, K2 ≥ 2, and C ≥ 9. Then Γ2
contains a triangle of type (1, 2, 2).
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Proof. If K1 = 1 then Γ1 is a Henson or random graph, by the assumption
of genericity and Fact 1.1. Setting Γ̃ = Γ1 , and taking u ∈ Γ1 , we have
Γ̃2 (u) ⊆ Γ2 (u), and Γ̃2 (u) contains the required triangle.
So suppose
K1 = 2
Let (a, b, c) be a triangle of type (1, 2, 2) in Γ with d(a, b) = d(a, c) = 2.
Then a, b and a, c each have infinitely many common neighbors, as Γ is of
generic type.
Take u1 , u2 distinct so that u1 is a common neighbor of a and b, and u2
is a common neighbor of a and c. Then
d(u1 , u2 ) = 2
Take u a common neighbor of u1 , u2 , distinct from a, b, c.
Then a, b, u are neighbors of u1 , and a, c, u are neighbors of u2 .
So the triangle (a, b, c) of type (1, 2, 2) lies in Γ2 (u), and by homogeneity
there is such a triangle in Γ2 .

Lemma 5.7. Let Γ be an infinite primitive metrically homogeneous graph of
diameter 3 and generic type with K1 ≤ 2, K2 ≥ 2, and C ≥ 9. Then Γ2 is
an infinite primitive metrically homogeneous graph of diameter 3, and thus
also of generic type, with associated parameters K̃1 ≤ 2, K̃2 ≥ 2, and one of
the following occurs.
• C̃ ≥ 9;
• K̃1 = 1, K̃2 = 3, C̃ = 8; in this case, K1 = 1 and K2 = 3 as well.
Proof. As K1 ≤ 2 ≤ K2 (or by the previous lemma) Γ2 contains an edge and
is therefore connected, metrically homogeneous, and primitive by Fact 2.2.
Γ2 has diameter 3 since Γ contains a triangle of type (2, 2, 3) (as Γ3K1 ,K2 ,C,C 0
does).
By Lemma 5.6, Γ2 contains a triangle of type (1, 2, 2), so K̃1 ≤ 2 ≤ K̃2 .
With these parameters, we then have either C̃ ≥ 9 or K̃1 = 1, K̃2 = 3,
and in the latter case, K1 = 1, K2 = 3.

Thus the proof of Proposition 5.5 reduces to the elimination of the second
case envisioned. We may state the required result as follows.
Lemma 5.8. Let Γ be an infinite primitive metrically homogeneous graph of
diameter 3 and generic type with
K1 = 1, K2 = 3, and C ≥ 9
Then Γ2 contains a triangle of type (2, 3, 3).
The proof is an extensive amalgamation argument, which we break up
into more manageable pieces.
Lemma 5.9. Let Γ be an infinite primitive metrically homogeneous graph of
diameter 3 and generic type with
K1 = 1, K2 = 3, and C ≥ 9
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Suppose that Γ2 contains no triangle of type (2, 3, 3). Then Γ contains the
configuration (a, b1 , b2 , b3 ) in which
d(a, bi ) = 1, 3, 3 for i = 1, 2, 3 respectively
d(bi , bj ) = 2
Proof. Our target may be depicted as follows.

Config. (I)
For our first try, we use the following amalgamation.

Here d(b1 , b3 ) ≥ 2, so we either get the desired configuration or the alternative with d(b1 , b3 ) = 3.

Config. (II)
In this case, we try a different approach. Adjoin a point c with
d(c, a) = 1
d(c, bi ) = 1, 2, 3 for i = 1, 2, 3
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Consider the following amalgamation.

d(c, b2 ) = 2
d(c, b3 ) = 3

The parameter c forces d(a, b1 ) ≤ 2. In the amalgam, as a, b2 , b3 is a
triangle of type (2, 3, 3) and we suppose that Γ2 (b1 ) contains no triangle of
type (2, 3, 3), we find
d(a, b1 ) = 1
which gives the desired configuration.
Therefore it suffices to check that the factors of this last amalgamation
problem embed isometrically into Γ.
The second factor (cb1 b2 b3 ) corresponds to a geodesic of length 3 in Γ2 (b2 ),
hence embeds isometrically into Γ.
The first factor, acb2 b3 , is the Configuration (II) obtained above.

Now we return to Lemma 5.8.
Proof of Lemma 5.8. Our target is an embedding of a triangle of type (2, 3, 3)
into Γ2 , which we depict as follows.

Adjoin points c1 , c2 with d(c1 , c2 ) = 2 and the following distances.

c1
c2

a1 a2 a3 a4
2 1 1 2
1 1 3 2
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We treat the resulting configuration as a 2-point amalgamation problem
which determines the distance
d(a2 , a3 )
Then the auxiliary points c1 , c2 force
d(a2 , a3 ) = 2
and we get an embedding of the desired configuration into Γ.
It remains to be checked that the two factors of this amalgamation problem
embed isometrically into Γ:
(I) a1 a2 a4 c1 c2 and
(II) a1 a3 a4 c1 c2
Note first that there are few triangles of perimeter greater than 7 in the
configuration (a1 a2 a3 a4 c1 c2 ). Such a triangle must contain a vertex lying on
two edges of length 3, which must be a3 or a4 , so the only possibilities are
the triangles (a2 , a3 , a4 ) and (c2 , a3 , a4 ). In particular the configuration (I)
omitting a3 contains neither of these triangles, while the configuration (II)
contains the second one.
Since the factor (I) omitting a3 contains no triangles of perimeter greater
than 7 we may embed it into Γ by embedding it into Γ2 . Namely, recall
by Lemma 5.7 and Corollary 4.2 that under our assumptions, Γ2 ∼
= Γ31,3,8,9 ;
otherwise, if C̃ is the parameter associated with Γ̃ = Γ2 , we would have
C̃ ≥ 9 and hence a triangle of type (3, 3, 2) is already embedded into Γ2 .
Thus if the desired triangle does not occur in Γ2 , then Γ2 contains the
configuration (I) isometrically, and hence Γ does.
So we now turn our attention to the construction of the factor (II) by a
suitable amalgamation.
Adjoin a point c3 to the configuration (a1 a3 a4 c1 c2 ) with
d(c3 , x) = 1, 1, 2, 2, 2 for x = a1 , a3 , a4 , c1 , c2 respectively.
View the resulting configuration (a1 a3 a4 c1 c2 c3 ) as a 2-point amalgamation
problem with the distance d(a1 , a3 ) to be determined.
Then the points c2 , c3 force the distance d(a1 , a3 ) to be 2. So it suffices
to show that the factors of this amalgamation, namely (a1 a4 c1 c2 c3 ) and
(a3 a4 c1 c2 c3 ), embed isometrically into Γ.
The factor (a1 a4 c1 c2 c3 ) involves no pairs at distance 3 and hence no triangles of perimeter greater than 6, hence embeds isometrically in Γ2 ∼
= Γ31,3,8,9 ,
and a fortiori into Γ.
So we turn to the factor (a3 a4 c1 c2 c3 ). This has the following form.
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d(c3 , a4 ) = d(c3 , c2 ) = 2

We take the following point of view here. With a3 as base point, we want
a pair in Γ1 and a pair in Γ3 with all distances between the pairs equal to
2. So let us now view this as a point a = a3 , and two pairs A1 = {c1 , c3 },
A3 = {c2 , a4 }, satisfying
d(a, x) = i for x ∈ Ai
d(x, y) = 2 for x, y ∈ A1 ∪ A3
Now adjoin a point c adjacent to all points in A1 ∪ A3 and at distance 2
from a. Then we may view aA1 A3 c as an amalgamation problem in which
the distances between A1 and A3 all remain to be determined. But the
parameter c gives the bound
d(x, y) ≤ 2
for all such distances, while the parameter a gives the bound
d(x, y) ≥ 2
Thus the result of this amalgamation is uniquely determined, and it suffices
to show that the factors (a3 A1 c) and (a3 A3 c) occur in Γ.

(1)

(2)

Factor (2) is available for a number of reasons—it embeds in Γ1 and in
Γ2 —so we concern ourselves with factor (1).
We adjoin a point c0 with d(c0 , x) = 1, 2, 2, 1 for x = a3 , a4 , c2 , c respectively. We then consider the following amalgamation.
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d(c0 , a4 ) = d(c0 , c2 ) = 2

With the help of the point c0 , we see that d(a3 , c) must be 2. So it suffices
to embed the factors of this diagram isometrically into Γ.
The factors are as follows.

(3)

(4)

Factor (3) was treated in Lemma 5.9, while factor (4) embeds isometrically
in Γ since Γ1 contains I32 .
This concludes the analysis.

Proof of Proposition 5.5. Lemmas 5.7 and 5.8.



5.5. The Parameters of Γ2 . We continue the analysis of the previous section. Again, we denote by K̃1 , K̃2 , and C̃ the parameters of Γ2 .
Our aim is the following.
Proposition 5.10. Let Γ be an infinite primitive metrically homogeneous
graph of diameter 3 and generic type with K1 ≤ 2, K2 ≥ 2, and C ≥
9. Suppose that every infinite primitive metrically homogeneous graph Γ0 of
diameter 3 and generic type with associated parameters K10 ≤ 2, K20 ≥ 2,
C 0 ≥ 9, and which realizes fewer triangle types than Γ, is of the form
Γ3K 0 ,K 0 ,C 0 ,S 0
1

2

for suitable parameters K10 , K20 , C 0 , S 0 . Then Γ2 is an infinite primitive metrically homogeneous graph of diameter 3 and generic type, with the same
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parameters:
K̃1 = K1
K̃2 = K2
C̃ = C
We note that the only point of the inductive hypothesis on Γ here is to
identify Γ2 in the case that Γ2 itself realizes fewer triangle types than Γ.
And the conclusion of our lemma is that this never actually occurs (under
the stated hypotheses).
Lemma 5.11. Let Γ be an infinite primitive metrically homogeneous graph
of diameter 3 and generic type with K1 ≤ 2, K2 ≥ 2, and C ≥ 9.
Suppose Γ contains a triangle of type (1, 1, 1) (so in fact K1 = 1). Then
Γ2 also contains a triangle of type (1, 1, 1).
Proof. If Γ contains a clique of order 4, then Γ1 is a random graph or Henson graph containing a triangle, hence contains the desired configuration (a
vertex at distance 2 from a clique of order 3). So we may suppose that
Γ contains no clique of order 4.
We label the desired configuration (ab1 b2 b3 ) where (b1 , b2 , b3 ) is a triangle
of type (1, 1, 1) and d(a, bi ) = 2 for i = 1, 2, 3.
We adjoin two auxiliary points c1 , c2 with the following metric.
(
1 x 6= bi
d(ci , x) =
2 x = bi

We view the resulting configuration as a 2-point amalgamation problem
determining the distance d(a, b3 ). As all distances among a, b3 , c1 , c2 are 1
apart from d(a, b3 ), and there is no clique of order 4, this forces d(a, b3 ) = 2.
It suffices therefore to check that the configurations (ab1 b2 c1 c2 ) and (b1 b2 b3 c1 c2 )
both embed isometrically in Γ.
Now the factor (b1 b2 b3 c1 c2 ) can be viewed as a 4-cycle in Γ1 (b3 ), so this
embeds in Γ. Therefore it suffices to consider
(ab1 b2 c1 c2 )
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We add a point c with
d(c, b2 ) = d(c, c1 ) = 1
d(c, a) = d(c, b1 ) = d(c, c2 ) = 2
View the resulting configuration as a 2-point amalgamation problem where
the distance d(b2 , c1 ) is to be determined.

The point c gives d(b2 , c1 ) ≤ 2.
If we have d(b2 , c1 ) = 1, then we have the required configuration, while
otherwise we have a, c1 , c2 a triangle of type (1, 1, 1) in Γ2 (b2 ), and we conclude.
So we must show that the factors (ab1 b2 c2 c) and (ab1 c1 c2 c) embed isometrically into Γ.
Now the factor (ab1 b2 c2 c), omitting c1 , contains no clique of order 3 and
therefore embeds into Γ1 (which is a Henson graph) and hence into Γ. So
we come down to the factor (ab1 c1 c2 c).
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We may treat this in a similar fashion. We adjoin a vertex c0 with
d(c0 , c) = d(c0 , c1 ) = d(c0 , a) = 1
d(c0 , b1 ) = d(c0 , c2 ) = 2
and treat this as an amalgamation problem determining d(c, c1 ), which is
either 1 (as desired) or 2 (which puts the triangle (a, c1 , c2 ) into Γ2 (c)).
Again, the factor omitting c1 contains no 3-clique and embeds in Γ1 . So
we consider the factor (ab1 c1 c2 c0 ). This can be treated as an amalgamation
problem with d(c0 , a) to be determined, and d(c0 , a) ≤ 2.

In this amalgamation, the factor omitting a has no clique of order 3 and
hence embeds in Γ1 , while the factor omitting c0 consists of a triangle of type
(2, 2, 1) in Γ1 (c2 ). Thus the factors of this diagram embed in Γ.
The completion of this diagram gives either the desired factor with d(a, c0 ) =
1, or a copy of the factor (ab1 c1 c2 c), and either way we may conclude.
This concludes the construction.

Lemma 5.12. Let Γ be an infinite primitive metrically homogeneous graph
of diameter 3 and generic type with K1 ≤ 2, K2 ≥ 2, and C ≥ 9. Suppose
that every infinite primitive metrically homogeneous graph of diameter 3 and
generic type which satisfies the same restrictions on its numerical parameters,
and which realizes fewer triangle types than Γ, is of the form
Γ3K 0 ,K 0 ,C 0 ,S 0
1

2

for suitable parameters K10 , K20 , C 0 . If Γ contains a triangle of type (3, 3, 1),
then Γ2 contains a triangle of type (3, 3, 1).
Proof. We will suppose that a triangle of type (3, 3, 1) does not occur in Γ2 ,
and then by assumption Γ2 is of the form
Γ3K̃

1 ,K̃2 ,C̃,S̃

where K̃1 , K̃2 , C̃, S̃ are the parameters associated to Γ2 . By Proposition 5.5
we have K̃1 ≤ 2 ≤ K̃2 and C̃ ≥ 9.
We choose notation so that the configuration in question is (ab1 b2 b3 ) with
d(b1 , bi ) = 3 (i = 2, 3)
d(b2 , b3 ) = 1
d(a, bi ) = 2 (i = 1, 2, 3)
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We take points a1 , a2 , a3 , c1 , c2 , c3 with
d(a1 , a2 ) = d(c2 , c3 ) = 3
d(c1 , c2 ) = d(a2 , a3 ) = 1
d(a1 , ci ) = 3 (i = 1, 2)

and all other distances equal to 2, apart from d(a1 , a3 ), which is to be determined by completing the following amalgamation.

The point a2 forces d(a1 , a3 ) ≥ 2. If d(a1 , a3 ) = 2 then (a3 a1 c1 c2 ) is
the desired configuration, and if d(a1 , a3 ) = 3 then (c3 a1 a2 ,3 ) is the desired configuration. So it suffices to show that the factors (a1 a2 c1 c2 c3 ) and
(a2 a3 c1 c2 c3 ) of this amalgamation embed isometrically into Γ.
The factor (a2 a3 c1 c2 c3 ):

All triangles in this configuration embed isometrically into Γ2 , by inspection, in view of Proposition 5.5. So this configuration embeds into Γ2 .
The factor (a1 a2 c1 c2 c3 ):
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We view this as a 2-point amalgamation problem in which the distance
d(c1 , c3 ) is to be determined. The point c2 gives d(c1 , c3 ) ≥ 2. If d(c1 , c3 ) = 3
then the configuration (a2 c1 c2 c3 ) gives a triangle of type (3, 3, 1) in Γ2 (a2 ),
and we are done. If d(c1 , c3 ) = 2 then we have the correct configuration
(a1 a2 c1 c2 c3 ).
But we must still check that the subfactors (a1 a2 c1 c2 ) and (a1 a2 c2 c3 )
embed isometrically in Γ.
The triangles occurring in the factor (a1 a2 c2 c3 ) all occur in Γ2 —those
of type (3, 3, 2) embed since C̃ ≥ 9. Therefore this configuration embeds
isometrically into Γ2 , and hence into Γ.
So we must consider only the subfactor
(a1 a2 c1 c2 )

We adjoin an additional point a with
d(a, a1 ) = 3

d(a, a2 ) = 1

d(a, c1 ) = to be determined

d(a, c2 ) = 2
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We treat the resulting configuration as a 2-point amalgamation problem
with the distance d(a1 , a2 ) to be determined. The point a ensures that
d(a1 , a2 ) ≥ 2.
If d(a1 , a2 ) = 2, then (a1 , c1 , c2 ) is a triangle of type (3, 3, 1) in Γ2 (a2 ), a
contradiction. If d(a1 , a2 ) = 3 then we have the desired configuration.
It remains to be shown that the subfactors (aa1 c1 c2 ) and (aa2 c1 c2 ) of this
last amalgamation embed isometrically in Γ, for some choice of the distance
d(a, c1 ).
Consider the subfactor (aa2 c1 c2 ) with any value of d(a, c1 ) in the range
1,2,3.

Here all triangles embed in Γ2 , so the configuration embeds isometrically
in Γ2 , and hence in Γ.
So we may determine the distance d(a, c1 ) while constructing the subfactor
(aa1 c1 c2 ), treating this configuration as a 2-point amalgamation problem
with factors (aa1 c2 ) and (a1 c1 c2 ), which are triangles of types (3, 3, 2) and
(3, 3, 1), and so are realized in Γ.
This completes the construction of the factor (a1 a2 c1 c2 c3 ).

Lemma 5.13. Let Γ be an infinite primitive metrically homogeneous graph
of diameter 3 and generic type with K1 ≤ 2, K2 ≥ 2, and C ≥ 9. Suppose
that every infinite primitive metrically homogeneous graph of diameter 3 and
generic type which satisfies the same restrictions on its parameters and which
realizes fewer triangle types than Γ is of the form
Γ3K 0 ,K 0 ,C 0 ,S 0
1

2

K10 , K20 , C 0 , S 0 .

for suitable parameters
If Γ contains a triangle of type (3, 3, 3), then Γ2 contains a triangle of type
(3, 3, 3).
Proof.
We assume the contrary.
Then by Proposition 5.5 Γ2 is of the form
Γ3K̃

1 ,K̃2 ,9

with K̃1 ≤ 2 ≤ K̃2 .
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Claim 1. Γ contains a configuration (a1 b1 b2 b3 ) in which (b1 , b2 , b3 ) is a
triangle of type (3, 3, 3) and
d(a1 , b1 ) = 1
d(a1 , b2 ) = d(a1 , b3 ) = 2

If not, consider the configuration (b1 b2 b3 c1 c2 ) in which (b1 , b2 , b3 ) is a
triangle of type (3, 3, 3),
d(ci , bi ) = 3 (i = 1, 2)
and all other distances equal 2.

We will show first that this is realized in Γ.
We consider this configuration as a 2-point amalgamation problem in
which d(c1 , b1 ) is to be determined. The values d(c1 , b1 ) = 1 or 2 may
be ruled out: if d(c1 , b1 ) = 1 then we have the desired configuration already,
while if d(c1 , b1 ) = 2 we have a triangle of type (3, 3, 3) in Γ2 (c1 ), contrary
to our hypothesis. So this diagram forces d(c1 , b1 ) = 3. It suffices to check
that the factors (b1 b2 b3 c2 ) and (b2 b3 c1 c2 ) occur in Γ.
We view (b1 b2 b3 c2 ) as a 2-point amalgamation problem determining the
distance d(c2 , b2 ), and again the values d(c2 , b2 ) = 1 or 2 are ruled out, so
we get d(c2 , b2 ) = 3. As this is an amalgam of two triangles in Γ, the result
is in Γ.
Now the configuration (b2 b3 c1 c2 ) consists of the triangle (b2 , b3 , c2 ) of type
(3, 3, 2) in Γ2 (c1 ), and as C̃ ≥ 9, this is realized in Γ.
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Thus the specified configuration (b1 b2 b3 c1 c2 ) embeds into Γ.
Now consider the configuration (a1 b2 b3 c1 c2 ) in which b2 , b3 , c1 , c2 are as in
(b1 b2 b3 c1 c2 ), d(a1 , c1 ) = 3, and d(a1 , x) = 2 otherwise.

All triangles here occur in Γ2 , as K̃1 ≤ 2 ≤ K̃2 and C̃ = 9, so this is
present in Γ2 .
Now amalgamate (b1 b2 b3 c1 c2 ) with (a1 b2 b3 c1 c2 ) over (b2 b3 c1 c2 ) to determine d(a1 , b1 ). As we assume Γ2 (a1 ) does not contain (b1 b2 b3 ), we have
d(a1 , b1 ) = 1 or 3.
If d(a1 , b1 ) = 1 then we have the claimed configuration (a1 b1 b2 b3 ). If
d(a1 , b1 ) = 3 then we have a triangle (a1 , b1 , c1 ) of type (3, 3, 3) in Γ2 (c2 ), a
contradiction.
This proves the claim.
Claim 2. Γ contains a configuration (a1 a2 b1 b2 b3 ) in which (b1 , b2 , b3 ) is a
triangle of type (3, 3, 3) and
d(ai , bi ) = 1 for i = 1, 2
d(ai , bj ) = 2 for i = 1, 2, j = 1, 2, 3, i 6= j

We argue similarly. We adjoin a point c with
(
3 x = a2 , b2
d(c, x) =
2 otherwise
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Then we consider the configuration (b1 b2 b3 a1 a2 c) as a 2-point amalgamation
problem determining the distance d(a2 , b2 ).
The value d(a2 , b2 ) = 1 is the desired configuration.
The value d(a2 , b2 ) = 2 would put the triangle (b1 , b2 , b3 ) in Γ2 (a2 ), a
contradiction.
The value d(a2 , b2 ) = 3 would put the triangle (a2 , b2 , c) of type (3, 3, 3)
in Γ2 (a1 ), a contradiction.
So it suffices to check that the configurations (a1 b1 b2 b3 c) and (a1 a2 b1 b3 c)
embed in Γ.
We can view the configuration (a1 b1 b2 b3 c) as an amalgamation problem
with d(b2 , c) to be determined: the value d(b2 , c) = 1 gives the claim itself,
the value d(b2 , c) = 2 would put the triangle (b1 , b2 , b3 ) in Γ2 (c), and the
value d(b2 , c) = 3 is the one we aim at here.
The subfactors of this configuration are then (a1 b1 b3 c) and (a1 b1 b2 b3 ). The
latter is afforded by our first claim and the second is a geodesic in Γ2 (c).
As for the second configuration (a1 a2 b1 b3 c), all triangles embed in Γ2 , by
inspection, and thus the configuration embeds into Γ2 , and hence into Γ.
Claim 3. The configuration (b1 b2 b3 a1 a2 ) with (b1 , b2 , b3 ) a triangle of type
(3, 3, 3) and
d(ai , b1 ) = 1 i = 1, 2
d(ai , bj ) = 2 i = 1, 2, j = 2, 3
embeds isometrically in Γ.
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We adjoin a point c with
d(c, a2 ) = d(c, b2 ) = 1
d(c, x) = 2 (x 6= a2 , b2 )
and view the resulting configuration as a 2-point amalgamation problem
determining d(a2 , b2 ). The points b1 and c force d(a2 , b2 ) = 2, giving the
desired factor.
So it suffices to check that the configurations (a1 a2 b1 b3 c) and (a1 b1 b2 b3 c)
embed isometrically into Γ.
All triangles in the factor (a1 a2 b1 b3 c) embed in Γ2 , so that factor embeds
isometrically in Γ2 and hence in Γ.
The factor (a1 b1 b2 b3 c) was dealt with under the previous claim.
This proves the claim.
Now we adjoin a point a3 to the last configuration with
d(a3 , a1 ) = 1

d(a3 , a2 ) = 3

d(a3 , x) = 2 otherwise
We view the resulting configuration as a 2-point amalgamation problem
in which the distance d(a3 , b1 ) is to be determined. The points a1 , a2 force
d(a3 , b1 ) = 2, but then the triangle (b1 , b2 , b3 ) lies in Γ2 (a3 ), a contradiction.
So it suffices to embed the factors of this amalgamation into Γ. The factor
(a1 a2 b1 b2 b3 ) is the configuration discussed under the last claim.
In the other factor, (a1 a2 a3 b2 b3 ), all triangles involved embed into Γ2 , so
this factor embeds isometrically into Γ2 , and hence into Γ.
This concludes the proof.

Proof of Proposition 5.10. We consider Γ̃ = Γ2 and its associated parameters
K̃1 , K̃2 , C̃. We must show these agree with the parameters of Γ.
By Proposition 5.5, we have K1 ≤ 2 ≤ K2 and C̃ ≥ 9.
If K1 = 1 then K̃1 = 1 by Lemma 5.11, and otherwise K1 = K̃1 = 2.
If K2 = 3 then K̃2 = 3 by Lemma 5.12, and otherwise K2 = K̃2 = 2.
We have 9 ≤ C̃ ≤ C and if C > 9 then C̃ > 9 by Lemma 5.13, and
otherwise C = C̃ = 9.
Thus K1 = K̃1 , K2 = K̃2 , and C = C̃, in all cases.

5.6. Recapitulation. We review what is known at this point. Our standing
assumption now is δ = 3. We suppose that Γ is a primitive metrically
homogeneous graph of generic type with associated parameters K1 ≤ 2 ≤ K2
and C ≥ 9, and with associated constraint set S as described in Table 3.
All other metrically homogeneous graphs of diameter 3 have already been
classified.
Our aim is to show that Γ is isomorphic to the associated graph
Γ3K1 ,K2 ,C,S
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with the same parameters, including Henson constraints. This is equivalent
to an embedding theorem: any finite structure which embeds into Γ3K1 ,K2 ,C,S
(in other words, which does not contain one of the specified forbidden structures), will embed into Γ.
We have two main results so far, and a reduction of the embedding theorem
to a special case.
• Proposition 3.1: Γ contains exactly those triangles which embed into
Γ3K1 ,K2 ,C,S .
• Proposition 5.10: Suppose (inductively) that any such graph Γ0 which
realizes fewer triangles than Γ is isomorphic to the canonical metrically homogeneous graph
Γ3K 0 ,K 0 ,C 0 ,S ∗
1

2

associated to its own parameters. Then the graph Γ̃ = Γ2 has the
same associated numerical parameters as Γ: that is, K̃1 = K1 , K̃2 =
K2 , C̃ = C.
• Lemma 5.4: If there is counterexample A to the embedding theorem
then there is one such for which |A0 | ≤ 2.
After some additional preparation, the embedding theorem will be proved
in §5.8, in an inductive framework allowing for the application of Proposition
5.10.
5.7. An Embedding Lemma. We now deal with isometric embedding of
configurations A in which the graph with edge relation “d(x, y) ∈ {1, 3}” is
a star. This will be used to dispose of all cases of the embedding theorem in
which |A0 | ≤ 1, leaving the main case |A0 | = 2 to be addressed at the end.
Lemma 5.14 ((1, 3)-Stars). Let Γ be an infinite primitive metrically homogeneous graph of diameter 3 and generic type with K1 ≤ 2 and C ≥ 9. Let
A = {a} ∪ B with
(
d(a, x) ∈ {1, 3} (x ∈ B)
d(x, y) = 2

(x, y ∈ B)

Then A embeds in Γ.
Such a configuration A will be called a (1, 3)-star with center a.
We will use various explicit amalgamation arguments. We first deal with
a special case.
Lemma 5.15. Let Γ be an infinite primitive metrically homogeneous graph
of diameter 3 and generic type with K1 ≤ 2 and C ≥ 9. Then the following
configurations embed isometrically in Γ.
(I) The configuration (a1 a2 a3 a4 ) in which (a2 , a3 , a4 ) is a geodesic path
of length 2 and
d(a1 , ai ) = 3, 2, 2 for j = 2, 3, 4

66

DANIELA AMATO, GREGORY CHERLIN, AND H. DUGALD MACPHERSON

(II) The configuration (a1 a2 b1 b3 ) with the following metric.
d(ai , bj ) = j
d(a1 , a2 ) = d(b1 , b3 ) = 2
Proof.
Ad (I):
In the diagrams below, we refine our practice of showing as “edges” all
pairs at distance 1 or 3 by employing dashed lines to represent the distance
3.
Thus our configuration may be depicted as follows.

We introduce a point c1 with d(c1 , ai ) = 2, 1, 2, 3 for i = 1, 2, 3, 4 respectively. We view the resulting configuration as a 2-point amalgamation
determining the distance d(a2 , a4 ) = 2.

So it suffices to show that the factors (a1 a2 a3 c1 ) and (a1 a3 a4 c1 ) of this
amalgamation embed isometrically into Γ.
The configuration (a1 a3 a4 c1 ) represents a geodesic triangle of diameter
3 (c1 , a3 , a4 ) sitting in Γ2 (a1 ). The metrically homogeneous graph Γ2 has
diameter 3 by Proposition 5.5, so this configuration embeds isometrically in
Γ.
Thus it suffices to consider the configuration
(a1 a2 a3 c1 )
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Here the points a1 , a3 , c1 all lie at distance 2. We adjoin a point c2 adjacent
to these three points, with d(c2 , a2 ) = 2. We consider the resulting configuration as an amalgamation problem over {a2 , c2 } determining the distances
d(a1 , a3 ) = d(a1 , c1 ) = 2.
So it suffices to check that the factors (a1 a2 c2 ) and (a2 a3 c1 c2 ) of this
amalgamation embed isometrically into Γ.
The factor (a1 a2 c2 ) is a geodesic triangle, so embeds isometrically in Γ.
The factor (a2 a3 c1 c2 ) is a 4-cycle, which embeds isometrically in Γ1 .
Ad (II):
Our configuration may be depicted as follows.

(1)
We adjoin a point c1 with
d(c1 , b1 ) = d(c1 , b3 ) = 1
d(c1 , a1 ) = d(c1 , a2 ) = 2
We view the resulting configuration as a 2-point amalgamation problem in
which d(b1 , b3 ) is to be determined. Then the points a1 , c1 force d(b1 , b3 ) =
2. So it suffices to check that the factors (a1 a2 b1 c1 ) and (a1 a2 b3 c1 ) embed
isometrically in Γ.
The factor (a1 a2 b1 c1 ) represents a triple (a1 , a2 , c1 ) at mutual distance 2
in Γ1 (b1 ), so embeds isometrically in Γ.
We consider the configuration (a1 a2 b3 c1 ).
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Adjoin a point c2 with
d(c2 , a2 ) = d(c2 , c1 ) = 1
d(c2 , a1 ) = d(c2 , b3 ) = 2
View the resulting configuration as a 2-point amalgamation problem determining the distance d(a2 , c1 ) = 2. It suffices to check that the factors
(a1 a2 b3 c2 ) and (a1 b3 c1 c2 ) embed isometrically in Γ.
Now (a1 b3 c1 c2 ) is the configuration (I) considered above. So it suffices to
deal with
(a1 a2 b3 c2 )

We adjoin a point c3 with
d(c3 , a1 ) = 3
d(c3 , a2 ) = 2
d(c3 , b3 ) = d(c3 , c2 ) = 1
View the resulting configuration as a 2-point amalgamation problem determining the distance d(b3 , c2 ) = 2. It suffices to check that the factors
(a1 a2 b3 c3 ) and (a1 a2 c2 c3 ) embed into Γ.
The factor (a1 a2 c2 c3 ) is isometric with the factor (I) considered above,
where the geodesic path of length 2 is (c3 , c2 , a2 ).
So we consider the factor
(a1 a2 b3 c3 )
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We view this as a 2-point amalgamation problem with the distance d(a1 , c3 )
to be determined. Here d(a1 , c3 ) ≥ 2.
If d(a1 , c3 ) = 3 then we have the desired configuration. Otherwise, d(a1 , c3 ) =
2 and we have a configuration isomorphic to the earlier configuration (a1 a2 b3 c1 ),
and the subsequent analysis may be dispensed with.

Lemma 5.16. Let Γ be an infinite primitive metrically homogeneous graph
of diameter 3 and generic type with K1 ≤ 2 and C ≥ 9. Let A = {a} ∪ B
with
(
d(a, x) ∈ {1, 3} (x ∈ B)
d(x, y) = 2

(x, y ∈ B)

Suppose that there are at most two points x ∈ B with d(a, x) = 3. Then A
embeds in Γ.
Proof. Adjoin a point c adjacent to all points of B, with d(c, a) = 2. For
i = 1 or 3 set
Ai = {x ∈ B | d(a, x) = i}
View A ∪ {c} as an amalgam of A1 ∪ {a, c} with A3 ∪ {a, c} over the base
{a, c}. Then the points a, c force
d(x, y) = 2
for x ∈ A1 , y ∈ A3 . Thus it suffices to check that the two factors embed
isometrically into Γ.
Now the factor A1 ∪ {a, c} embeds into Γ by the definition of generic type.
We consider the factor A3 ∪ {a, c}, with |A3 | ≤ 2. We may suppose
|A3 | = 2, and then this is the configuration (II) of Lemma 5.15.

Now we can prove the embedding lemma for (1, 3)-stars.
Proof of Lemma 5.14. We suppose A = {a} ∪ B, with all distances in B
equal to 2 and all distances between a and B equal to 1 or 3. We may
suppose |B| ≥ 3.
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Let B 0 = {b0 | b ∈ B} be a set of “duplicates” of the points in B. For
∈ B 0 , x ∈ A ∪ B 0 , x 6= b0 , we define



1 x ∈ B \ {b}
0
d(b , x) = 3 x = b



2 x ∈ {a} ∪ B 0 \ {b0 }

If we amalgamate all of the configurations {a} ∪ {b} ∪ B 0 (b ∈ B) over
the base {a} ∪ B 0 , then the elements of B 0 ensure that all distances in B are
equal to 2, and thus the desired configuration is forced. It suffices therefore
to check that the configurations
{a, b} ∪ B 0
all embed isometrically into Γ.
Let B ∗ = {a} ∪ B 0 . Then the configurations in question have the form
{b} ∪ B ∗ where all distances in B ∗ are equal to 2 and all distances between
b and B ∗ are 1 or 3.
Letting B3∗ = {x ∈ B ∗ | d(b, x) = 3}, we have B ∗ ⊆ {a, b0 }. So Lemma
5.16 applies to these configurations.
This completes the construction.

5.8. Conclusion. Now we work in earnest toward the the proof of Proposition 5.1.
We have Γ an infinite primitive metrically homogeneous graph of diameter
3 with parameters K1 , K2 , C, C 0 , S, satisfying
K1 ≤ 2 and C ≥ 9
3
∼
Our claim is that Γ = ΓK1 ,K2 ,C,S , or equivalently that the following Embedding Principle holds.
Any finite Γ-constrained metric space A embeds isometrically
into Γ.
Here we use the following terminology: a finite metric space A is said to be
Γ-constrained if all triangles in A and all (1, 3)-subspaces of A embed into
Γ. We have shown that Γ-constraint is equivalent to ΓK1 ,K2 ,C,S -constraint,
which is equivalent to embeddability in Γ3K1 ,K2 ,C,S .
We have proved various very special cases of this principle above. Now we
undertake a general inductive argument based on the parameters introduced
in §5.3.
First, we minimize the number of triangle types realized in an infinite
primitive metrically homogeneous graph Γ which affords some counterexample to the claim, and we keep the isomorphism type of Γ fixed throughout.
This means that we may operate under the following standing assumption.
Any infinite primitive metrically homogeneous graph of diameter 3 realizing fewer triangle types than Γ is of the form
Γ3K 0 ,K 0 ,C 0 ,S 0
1

2
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for some choice of admissible parameters K10 , K20 , C 0 , S 0 .
Then by Proposition 5.10, the parameters K̃1 , K̃2 , C associated with Γ2
equal the parameters K1 , K2 , C associated with Γ. This is all we need to
retain about our standing assumption.
Now we consider a counterexample A to our embedding principle for Γ.
Recall from Definition 5.3 that A0 is the set of points x ∈ A for which
there are at least two other points y ∈ A with d(x, y) 6= 2. By 5.4, if there
is a counterexample to the Embedding Principle for Γ, then there is some
counterexample A for which |A0 | ≤ 2. Notice that this then implies that A
contains no (1, 3)-space of order greater than 2, and therefore the condition
of Γ-constraint for A is solely a condition on the triangles in A.
We first consider the case |A0 | = 0: the (1, 3)-edges are pairwise disjoint.
Lemma 5.17. Let Γ be an infinite primitive metrically homogeneous graph
of diameter 3 and generic type with parameters K1 , K2 , C, C 0 , S. Suppose
the following.
• K1 ≤ 2 and C ≥ 9.
• The parameters K̃1 , K̃2 , C̃ associated with Γ2 agree with K1 , K2 , C.
Let A be a finite metric space with distances among 1, 2, 3, and suppose
A0 = ∅
Then A embeds isometrically into Γ.
Proof. Since A0 = ∅, no point of A is at distance 1 or 3 from more than one
other point of A. So we may write
A = A1 ∪ A3 ∪ B
where for i = 1 or 3 we let Ai be the set
{x ∈ A | There is some y ∈ A with d(x, y) = i}
Thus A1 is a union of pairs at distance 1, A3 is a union of pairs at distance
3, and all other distances are equal to 2.
We proceed by induction on |A|. If B 6= ∅, fix b ∈ B and let A∗ = A \ {b}.
By hypothesis the metric space A∗ is also Γ2 -constrained. We apply the
induction hypothesis to A∗ in Γ2 to embed A∗ isometrically in Γ2 . But in
A, we have A∗ ⊆ Γ2 (b), so this embeds A into Γ.
So we may suppose B = ∅ and
A = A1 ∪ A3
is a union of pairs at distance 1 or 3, which are separated by distance 2. Let
us denote these pairs (ai , bi ), with 1 ≤ i ≤ n, |A| = 2n. We may suppose
n ≥ 2.
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We adjoin additional points âi (1 ≤ i ≤ n) and a∗ with
d(âi , ai ) = 3
d(âi , aj ) = 1 i 6= j
d(a∗ , ai ) = 1
and with all other distances involving a∗ or âi equal to 2.
Set Âi = {â1 , . . . , ân } ∪ {b1 , . . . , bn } ∪ {ai , a∗ }. We claim that the configurations Âi all embed into Γ.
This claim is proved inductively, where we replace the set {b1 , . . . , bn } by
any subset of order k ≤ n and proceed by induction on k.
The points bj for j 6= i lie at distance 2 from all other points of Âi , so
by applying the induction hypothesis to Γ2 (invoking Proposition 5.10), we
reduce to the configuration
{â1 , . . . , ân } ∪ {ai , bi , a∗ }
This configuration is a (1, 3)-star with center ai , so Lemma 5.14 applies.
Since the configurations Âi all embed isometrically in Γ, we consider their
amalgam. The point a∗ ensures d(ai , aj ) ≤ 2 while the points âi ensure
d(ai , aj ) ≥ 2. Therefore the configuration A results.

Now we may treat the general case.
Proof of Proposition 5.1. We may suppose inductively that every infinite
primitive metrically homogeneous graph Γ∗ of diameter 3 and generic type
with K1∗ ≤ 2, K2∗ ≥ 2, C ∗ ≥ 9, and which realizes fewer triangle types than
Γ is of the form
Γ3K 0 ,K 0 ,C 0 ,S 0
1

2

for suitable parameters K10 , K20 , C 0 , S 0 . (The same holds if Γ∗ does not satisfy
the specified numerical constraints, by our previous analysis.)
We must embed an arbitrary finite Γ-constrained configuration A into Γ.
We suppose that A is a counterexample, taken so as to minimize, successively, the following.
(1) The cardinality ||A|| of the largest (1, 3)-space contained in A.
(2) The size of A0 .
(3) The number of nontrivial (1, 3)-connected components of A.
(4) The size of A.
Claim 1.
1 ≤ |A0 | ≤ 2
If |A0 | = 2 then A0 is a pair of points at distance 1 or 3.
By Lemma 5.17, A0 is nonempty.
The rest of the claim follows from Lemma 5.4, in view of our assumptions
on A.
In particular, there is a unique (1, 3)-connected component A0 of A containing A0 .
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Claim 2. Every point of A lies at distance 1 or 3 from at least one other
point of A.
Otherwise, take a ∈ A at distance 2 from all points of A, and consider
A∗ = A \ {a}. By the minimality of |A|, the inductive assumption on Γ,
and Proposition 5.10, the configuration A∗ is Γ2 -constrained, hence embeds
isometrically into Γ2 by induction. Thus A embeds isometrically into Γ.
So any (1, 3)-connected component of A other than A0 has order 2.
Claim 3. A0 is the only (1, 3)-connected component of A.
Suppose A1 is another (1, 3)-connected component (a (1, 3)-edge disjoint
from A0 ). Take a0 ∈ A0 ⊆ A0 , and a1 ∈ A1 .
Consider the following amalgamation, where
B0 = A0 \ {a0 }

B1 = A1 \ {a1 }

B2 = A \ (A0 ∪ A1 )

(so B1 is a singleton) and c1 , c2 are additional points.

d(ci , x) = 2
(x 6= a0 , a1 )

The points c1 , c2 ensure d(a0 , a1 ) = 2 and thus it suffices to embed the
factors of this amalgamation isometrically into Γ.
The factor omitting a1 :
This has fewer non-trivial (1, 3)-connected components, so embeds in Γ
by hypothesis.
The factor F omitting a0 :
Suppose first that
|A0 | = 1
That is, A0 is a (1, 3)-star with center a0 .
Then |F 0 | = 1, with a1 replacing a0 in the role of center. The number of
nontrivial (1, 3)-connected components is reduced by 1, so by our induction
hypothesis F embeds in Γ.
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Now suppose
|A0 | = 2
Then A0 = {a0 , b0 } for some point b0 ∈ B0 . The structure of the factor F
is then as follows, with B0∗ = B0 \ {b0 }, B1∗ = B1 ∪ {c1 , c2 }.

c1 , c2 ∈ B1∗

We form an amalgamation with two additional points c01 , c02 as follows.

d(c0i , x) = 2
for x 6= a1 , b0

The factors here both have |A0 | = 1, so we conclude by induction.
This proves the claim in all cases.
The final analysis:
By Claims 2 and 3, A = A0 is (1, 3)-connected.
If |A0 | = 1, then A is a (1, 3)-star, and this case is covered by Lemma 5.14.
So we suppose |A0 | = 2, and fix notation as follows.
A0 = {a1 , a2 }
By Claim 1, this is a (1, 3)-edge.
Let us take A to minimize
min(deg(a1 ), deg(a2 ))
where here and below the degree of a point is taken in the sense of the graph
GA introduced earlier, that is, the number of points at distance 1 or 3. We
may suppose deg(a2 ) ≤ deg(a1 ).
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For i = 1 or 2 let Bi be the set of (1, 3)-neighbors of ai in A \ A0 . Fix
a ∈ B2 .
The configuration consists of two stars with their centers joined by an
edge. We represent this schematically as follows.

Form a configuration with two auxiliary points c1 , c2 satisfying
d(c1 , a1 ) = 1

d(c2 , a1 ) = 1

d(c1 , a) = 1

d(c2 , a) = 3

d(ci , x) = 2 otherwise
View this configuration as an amalgamation diagram in which the distance
d(a1 , a) is to be determined. The auxiliary points c1 , c2 ensure d(a1 , a) = 2.
Thus it suffices to embed the factors of this amalgamation diagram isometrically into Γ.
The factor omitting a has smaller deg(a2 ).
The factor F omitting a1 has a1 , a2 replaced by (at worst) a, a2 , but again
deg(a2 ) is reduced. So either |F 0 | < |A0 |, or F 0 = {a, a2 } with
min(deg(a), deg(a2 )) < min(deg(a1 ), deg(a2 ))
By induction the factor F embeds isometrically in Γ.



With this, the classification of the infinite primitive metrically homogeneous graphs of diameter 3 is complete, and as the finite and imprimitive
cases are also classified, this proves Theorem 1.
5.9. Closing Remarks. The general conjecture on the structure of metrically homogeneous graphs amounts to the following: metrically homogeneous
graphs of generic type are determined by
• An admissible family of forbidden triangles;
• Some forbidden (1, δ)-spaces (or a variant, in the antipodal case).
In the present paper we have verified this conjecture for the case of diameter 3, with some of the analysis given more generally, where the generalization
did not take us too far afield.
We take note of some other evidence in support of the conjecture which
may be found in [Che11] or [Che15].
First, for the conjecture to be meaningful, one needs to understand the
nature of the admissibility condition. One of the main results of [Che15] is
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that our numerical definition of admissibility agrees with the condition that
the set of forbidden triangles defines an amalgamation class.
It is also shown in [Che15] that the proof of the conjecture reduces to the
case of finite diameter. This is not a very robust statement: it means only
that if the conjectured classification is true, without exception, at the level
of finite diameter, then it holds as stated also for infinite diameter.
We would expect that in the classification of metrically homogeneous
graphs of finite diameter, induction on the diameter would play a major
role, via local analysis. We know that the infinite metrically homogeneous
graphs of finite diameter are of generic type, and that in the context of
generic type there is a body of relevant theory of a very general character to
serve as a point of departure, a point amply illustrated here.
There is at present no real plan of attack for a proof of the general conjecture, though the material given here certainly illustrates some useful tactical
elements, with §§4–5 suggesting some fairly broad lines of attack, once one
gets well past the preliminary stages of analysis.
We were able to deal very rapidly with the imprimitive case here. It would
be helpful to have the imprimitive case disposed of in general (by which we
mean: for finite diameter, under the assumption that the conjecture holds
for smaller diameter).
We know on very general grounds that the imprimitive case reduces to the
bipartite and antipodal cases (a version of Smith’s Theorem). It is shown in
[Che15] that the bipartite case can be handled in an inductive setting. This
leaves over the following unfinished business.
Problem 1. Let δ ≥ 4 be finite. Assume the classification of metrically
homogeneous graphs of diameter less than δ is as conjectured. Show that any
antipodal graph of finite diameter δ has known type.
Our notation for the known antipodal graphs of diameter δ ≥ 4 is the
following.
Γδa,n
Here “a” stands for antipodal, and n stands for something like Kn -free. More
precisely, a Kn -free antipodal graph must omit a family of graphs of the form
Kn1 ,n2 for n1 + n2 = n, of the form A ∪ B where
A∼
= Kn1 ,

B∼
= Kn2
d(a, b) = δ − 1 for a ∈ A, b ∈ B
and Γδa,n is the Fraïssé limit of the class of finite antipodal graphs of diameter
at most δ which omit these configurations; the existence of these graphs (the
amalgamation property for the corresponding class of finite metric spaces)
is proved in [Che11, Theorem 14]. We may set n = ∞, or drop the n, to get
the generic antipodal graph of diameter δ.
An inductive approach seems well suited to the treatment of antipodal
graphs of finite diameter, with the exception of the case in which δ is even
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and
K1 = δ/2
Another problem of considerable interest is the following.
Problem 2. Determine all possible structures for Γ2 (and show that the
structure of Γ2 is determined as expected by the parameters of Γ).
Here of course we may take δ ≥ 4, and then the (metric) diameter of Γ2
is also 4.
When Γ2 contains an edge, then Γ2 is a metrically homogeneous graph of
diameter 4. So the full classification in diameter 4 is part of problem 2.
When Γ2 does not contain an edge, then it is unlikely that it can be
construed as a metrically homogeneous graph, but the structure of Γ2 should
still be predicted by the parameters of Γ.
Since the structure of Γ1 for K1 > 1 does not yield much information at
all about Γ, we were forced to introduce the more technical notion of “generic
type” as the point where the general form of the classification problem begins.
That definition uses a very small amount of information about Γ2 . A full
determination of the possibilities for Γ2 would provide a much more secure
foundation for future analysis.
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