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Consider the following transformations of the plane

1. Reflection in x axis:
x̄ = x, ȳ = −y,

2. Anti-clockwise rotation about origin:

x̄ = x cos t− y sin t, ȳ = x sin t+ y cos t, ∀t.

The reflection is just a discrete jump, flipping between the points (x, y) and (x,−y), whilst the
rotation is a continuous transformation, which includes the identity transformation at t = 0.
Using the Taylor expansion, we find

x̄ = x− ty − 1

2
t2x+ . . . , ȳ = y + tx− 1

2
t2y + . . . ,

with the linear (in t) terms defining a vector field (−y, x), which is tangent to the circle. This
vector field is sometimes called an infinitesimal transformation or an infinitesimal generator.
The first part of this project is about the general framework for continuous transformations and the
vector fields they generate.

Our main application of these ideas will be an introduction to the symmetries of differential
equations. Consider an ordinary differential equation of the form

y(n) = F (x, y, y′, . . . , y(n−1)), (1)

where x is the independent variable and y the dependent variable (y(x) is a function of x). Start-
ing with a vector field (ξ(x, y), η(x, y)) on the 2−dimensional space with coordinates (x, y), which
generates the transformation

x̄ = x+ tξ(x, y) +O(t2), ȳ = y + tη(x, y) +O(t2), (2)

we need to extend this to a vector field (ξ, η, η1, . . . , ηn) on the space with coordinates (x, y, y1, . . . , yn),
with yk representing the kth derivative of y with respect to x. This must be done in such a way that

dȳ

dx̄
=
dy

dx
+ tη1 +O(t2)

is compatible with (2), and similarly for higher derivatives. We find that ηk depends upon variables
(x, y, y1, . . . , yk). This completely determines the higher components. The resulting vector field is
called the prolongation. A (continuous) symmetry of (1) is any transformation (2) of the variables
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which maps solutions to solutions. There is a systematic way of determining the infinitesimal
generators and these can be used to reduce the order of (1) or even fully solve it. The tricks you
learn in a first course in differential equations are explained in this framework. For instance, the
solution of

dy

dx
= F

(y
x

)
by the substitution z =

y

x

is a result of the equation being invariant under

x̄ = etx = x+ tx+ . . . , ȳ = ety = y + ty + . . . .

These ideas can also be used in the context of partial differential equations. For the case of
independent variables (x, t), with dependent variable u(x, t), we first consider consider continuous
transformations on the 3−dimensional space with coordinates (x, t, u), with infinitesimal generator
(ξ(x, t, u), η(x, t, u),U(x, t, u)) and then prolong this to the space with coordinates (x, t, u, ux, ut, . . .)
(where ux = ∂u

∂x , etc). To each such Lie point transformations we can build special solutions, called
similarity solutions, each of which satisfies a reduced ODE. This is particularly interesting in the
case of nonlinear PDEs, where standard (linear) methods like Laplace and Fourier transforms no
longer apply.

In recent years, a new class of nonlinear PDEs has arisen, which possess infinite families of
“generalised symmetries”, which can be generated by means of a recursion operator. Students
taking the Assignment would have enough time to explore these ideas.

There are several textbooks available, some of which are listed below.
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