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A mapping ϕ : Rn → Rn can be considered as a discrete dynamical system. A trajectory is obtained
by a simple iteration, which for 1 ≤ n ≤ 3 is easily visualised with a computer plot. The corresponding
computation for a “continuous” dynamical system requires a differential equation solver. It may be thought,
therefore, that discrete dynamical systems are much simpler. However, it is well known that the logistic map
xn+1 = rxn(1 − xn) undergoes a sequence of period doubling bifurcations for 3 < r < 4, exhibiting chaos
for r bigger than (approximately) 3.6. On the other hand, the logistic differential equation has very simple
behaviour.

This project is about a class of maps which are far from chaos. Integrable maps have very regular
behaviour and are the discrete analogue of differential equations of “soliton type”, which came to light in
some numerical experiments of the 1960s. Integrable maps have many beautiful properties, but once again
have many features which are more complicated than their differential analogues. This is partly because
the theory of difference equations is much less well developed than that of differential equations, but also
because we are no longer dealing with “infinitesimal evolutions”.

The project introduces the student to a number of important concepts, which are used to study integrable
maps or to determine whether or not a given map is integrable:

1. Invariant functions (first integrals).

2. Commuting maps and continuous symmetries.

3. Low dimensional maps and reductions to the plane.

4. Poisson maps and Liouville integrability.

5. Singularity confinement and algebraic entropy.

Armed with these concepts it is then possible to define what we mean by an integrable map. The QRT map
of the plane contains many interesting examples which can be used to illustrate many of these ideas.
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